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Abstract 
 
Extensive research and recent developments in structural engineering has shown that 
adhesive bonding of fibre-reinforced polymer (FRP) composite, steel or any other 
metallic plate to the tension face of a reinforced concrete (RC), metallic or timber beam 
can effectively enhance its strength and other aspects of structural performance. This 
technique is now popularly adopted for retro-fitment and rehabilitation of existing 
structures. These plated beams often fail prematurely well before attaining the full 
flexural capacity by either plate end debonding (PED) or intermediate crack-induced 
interfacial debonding (ICD) failure. Concentration of higher interfacial shear and 
normal stresses at the plate end due to a geometric discontinuity is believed to be 
responsible for PED that initiates at the plate end and propagates inwards. PED includes 
concrete cover separation and interfacial debonding initiated at the plate end; and such 
failure initiated at a critical diagonal crack. ICD initiates at an intermediate major 
flexural or flexural-shear crack in the soffit of the original beam due to high bond stress 
and propagates towards one of the plate ends (type-1) or an adjacent crack (type-2). 
 
This thesis presents a study of interfacial stresses and debonding failures in plated 
beams. It first presents a simple and novel theoretical solution of interfacial stresses 
applicable to any loading considering major deformations like axial and flexural 
deformations in the beam and plate within linear elastic range. This solution is then 
enhanced with the inclusion of the effect of adherends’ shear deformation by 
approximating the displacement field for interfacial shear stress and using 
Timoshenko’s beam theory for interfacial normal stress, achieving a better 
understanding of the effect of shear deformation which is ill-understood. This resulted 
in a first ever solution to include the effect of adherends’ shear deformation under both 
interfacial shear and normal stresses. This solution is further advanced by developing a 
rigorous and a versatile closed-form solution fully based on Timoshenko’s beam theory 
that offered a significant insight.  
 
Interfacial stresses at the plate end cannot be measured directly using available 
measurement techniques, and may only be interpreted indirectly from measured plate 
strains. The conventional interpretation is based on the assumption that the plate is 
under pure tension. A significant drawback of this is that the interfacial normal stresses 
 iii
cannot be deduced. A new technique is developed to deduce both interfacial shear and 
normal stresses from strain measurements. 
 
The thesis presents three PED strength models for the special case of an RC beam with 
the plate terminated in the constant moment region: a theoretical model based on 
interfacial fracture mechanics with a reasonable accuracy; a semi-empirical model with 
greater accuracy; and an empirical model that is slightly less accurate but simpler to 
apply than the semi-empirical model. This is followed by the development of a shear 
debonding model to predict the debonding failure in an RC beam with the plate 
terminated in high shear and a very low or zero moment region. The two models for 
PED failure in pure bending and pure shear zones are then combined to result in an 
accurate shear-bending interaction debonding model. An assessment of these models 
against a carefully constructed large test database shows that they are more accurate 
than existing models and suitable for implementation in design codes or guidelines. 
 
Finally, a structural mechanics formulation for an FRP-to-concrete bonded joint 
between two adjacent cracks is developed. It considers axial forces, transverse shear 
forces and bending moments in the adherends and uses a linearly softening bond-slip 
model. A section analysis with partial interaction and a rotational spring method are 
used to relate the applied loading to the interfacial deformation. A closed-form solution 
is obtained that may form the basis of a rational ICD design method. 
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Chapter 1  
 
 
Introduction 
 
 
1.1  Background 
 
Recent trends and extensive research to date in structural engineering have 
demonstrated that external adhesive bonding a plate (sheet) to the tension face of a 
beam (Figure 1.1) or slab, around a column or along the walls can effectively enhance 
its strength and structural performance without affecting the surrounding environment 
(Teng et al., 2002a; Hollaway and Teng, 2008).  The original structural member (beam, 
slab, column or wall) could be made of reinforced concrete (RC), masonry, metal or 
timber and the plate is generally made of fibre reinforced polymer (FRP) composite, 
steel, aluminium or another metal. Such a member is called a plated structural member 
or hybrid structural member. This technique is commonly used for the retro-fitment and 
rehabilitation of existing structures and is potentially of use in many other engineering 
applications. The external plate augments flexural strength if plated on the tension face 
and shear strength if wrapped around or plated on the side faces in RC beams; flexural 
strength of RC slabs; confinement and axial capacity in columns; and blast resistance of 
walls and can even act as an effective seismic retro-fit of a structural member.  
 
This thesis is concerned with plating of beams and slabs to improve their flexural 
strength. The scope is restricted to unprestressed and unanchored soffit plates. This 
bonded plate enhances the flexural strength of an original beam through the additional 
tensile capacity of the plate that supplements conventional embedded reinforcement, if 
any. For simplicity, all discussions in this thesis are presented with explicit reference to 
a simply supported beam (Figure 1.1), but the information is also commonly applicable 
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to indeterminate beams by treating each segment between two points of inflection as a 
simply-supported beam. 
 
 
Figure 1.1. A plated beam  
 
 
1.1.1 Flexural strengthening with FRP composites 
 
The use of FRP composites for strengthening RC structures was first investigated as an 
alternative to steel plate bonding for beam strengthening at the Swiss Federal 
Laboratory for Materials Testing and Research (EMPA) where tests on RC beams 
strengthened with CFRP plates started in 1984, but most of the research on FRP plating 
has been carried out in the last 15 years. The main advantages of FRP composites are 
their high strength-to weight ratio, high corrosion resistance, light weight and ease of 
application. FRP bonding/wrapping has been found to be the most cost-effective 
solution in many strengthening projects (Hollaway and Teng, 2008). The most widely 
used FRP composites are glass-fibre-reinforced polymer (GFRP) composites, carbon-
fibre-reinforced polymer (CFRP) composites, aramid-fibre-reinforced polymer (AFRP) 
composites and basalt- fibre-reinforced polymer (BFRP) composites. Two common 
methods of constructing FRPs in strengthening RC structures are wet lay-up method 
and factory prefabrication (pultruded plates). CFRP composites have superior properties 
to GFRP, AFRP and BFRP composites, but the latter are significantly cheaper. The 
stress–strain behaviour of all FRP is linearly elastic until rupture.  
 
1.1.2  Failure modes 
 
In addition to the flexural failure modes pertinent to a classical RC beam, plated RC 
beams in particular are vulnerable to various premature debonding failure modes prior 
to attaining their full flexural capacity.  This premature debonding failure prevents the 
full intended utilization of the bonded plate that needs to be prevented to ensure 
widespread practical application of this technique.  A schematic representation of these 
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failure modes are shown in Figures 1.2 and 1.3. The flexural failure of an FRP plated 
RC section can be due to the tensile rupture of the FRP plate or crushing of concrete 
that occurs when the ultimate flexural capacity of the beam is reached (Figure 1.2) at a 
critical section only if the plates are properly anchored. Composite action between 
bonded plate and beam continues until this form of flexural failure. The steel 
reinforcement will usually yield prior to these flexural failures unless it is located far 
from the tension face. In general, however, debonding of the plate from the original 
beam is the controlling failure mode in plated beams. Debonding failures observed in 
experiments can be broadly classified under two major failure types: (1) plate end 
debonding (PED) associated with high interfacial stresses near the ends of the bonded 
plate; and (2) intermediate crack induced interfacial debonding (ICD) induced by a 
flexural or flexural-shear crack (intermediate crack) away from the plate ends. This 
debonding can propagate toward either of the two plate ends.  
 
 
FRP Rupture 
 
a) FRP rupture 
 
Concrete Crushing 
 
b) Crushing of compressive concrete 
 
Figure 1.2. Conventional flexural failure modes of an FRP-plated RC beam  
 (Teng and Chen, 2009) 
 
PED can occur in five different modes: (a) critical diagonal crack (CDC) induced 
interfacial debonding (Figure 1.3a); (b) CDC with concrete cover separation (Figure 
1.3b); (c) concrete cover separation (Figure 1.3c); (d) plate end interfacial debonding 
(Figure 1.3d); (e) mixed mode debonding with concrete cover separation followed by 
interfacial debonding (Figures 1.3c,d). The actual photographs with more details of two 
flexural failures and the first four PED failures can be found in Teng and Chen (2009) 
and Hollaway and Teng (2008) respectively and the last PED failure in Smith and Teng 
(2002a, b). CDC induced interfacial debonding occurs when the plate is terminated in a 
region of high shear force but low moment (closer to point of contraflexure or support) 
and the amount of steel shear reinforcement is limited. In this case, a major diagonal 
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shear crack (or CDC) forms and intersects the plate inducing high interfacial stresses, 
eventually leading to the interfacial debonding of the plate towards the plate end. If the 
same plated beam has more shear reinforcement, multiple shear cracks dominate the 
behaviour and leads to local detachment of the plate end which in turn moves the plate 
end to a new location with a larger moment from where CDC with cover separation 
begins. 
 
Debonding 
Critical diagonal crack 
 
a) CDC induced interfacial debonding 
 
 
Debonding 
Debonding 
 
b) CDC debonding with concrete cover separation 
 
 
Debonding 
 
c) Concrete cover separation 
 
 
Debonding 
 
d) Plate end interfacial debonding 
 
 
Debonding 
Flexural 
crack 
 
e) Intermediate crack induced interfacial debonding 
Figure 1.3. Debonding failure modes of RC beams bonded with a soffit FRP plate 
(Teng and Chen, 2009) 
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Concrete cover separation involves crack propagation along the level of the steel tension 
reinforcement. Failure of the concrete cover is initiated by the formation of a crack near 
the plate end that propagates to and then along the level of the steel tension 
reinforcement, resulting in the separation of the concrete cover. Plate end interfacial 
debonding is initiated by high interfacial shear and normal stresses near the end of the 
plate that exceed the strength of the weakest element, generally the concrete, where it 
initiates at the adhesive-concrete interface  and propagates towards the mid-span of the 
beam. This failure generally occurs when the plate is narrower than the beam section. 
Mixed mode debonding with cover separation followed by plate end interfacial 
debonding occurs in few cases of plated beams lying in between the two former cases.  
 
ICD is initiated when a major flexural or flexural-shear crack formed in the concrete 
induces a large local strain concentration and leads to a much localized debonding of the 
plate from the concrete. The tensile stresses released by the cracked concrete are 
transferred to the plate and steel rebars, inducing high local interfacial stresses between 
the adhesive-to-concrete interface near the crack.  The increase in applied loading 
further increases the tensile stresses in the plate and hence these interfacial stresses near 
the crack.  When these stresses reach critical values, debonding starts to propagate 
towards one of the nearer plate ends (type-1) or adjacent crack (type-2) due to the stress 
gradient in the plate. ICD (Figure 1.3e) failures are more likely to occur in shallow 
beams that are more prone to flexural cracking.  
 
1.1.3  Interfacial stresses and debonding models  
 
High interfacial shear and normal stresses are generated between the plate and beam 
near the plate ends (Narayanamurthy et al., 2010) that may play an important role in 
some of the PED failure modes including concrete cover separation and plate end 
interfacial debonding although it is not simple to relate directly the magnitude of 
interfacial stresses based on an elastic analysis to debonding failures which is inherently 
nonlinear. Many analytical solutions, all based on linear elastic analysis have been 
developed for interfacial stresses but simple approximate closed-form solutions that 
sufficiently illustrate the stress concentration phenomenon in the vicinity of the plate 
end are shown to be suitable for exploitation in design (Teng et al., 2002a). They led to 
the development of interfacial stress based debonding models. Concurrently, many 
other PED models have been presented based on shear capacity of concrete and 
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concrete tooth formed by the cracks (Smith and Teng, 2002a, b), although their 
accuracy and approach still require a sound assessment.   
 
Solutions have been presented for interfacial stress concentrations near the intermediate 
flexural or flexural shear cracks based on simple pull-off tests, simplifying assumptions 
and bond-slip behaviour for the plate-to-concrete interface (Yuan et al., 2004; Teng et 
al., 2006; Chen et al., 2007). They have been extremely useful for understanding the 
mechanics of ICD failures and laid the path for the development of ICD models. But the 
bond models need to be developed with minimal approximations to widen the scope of 
existing knowledge and for better prediction of these premature failures. 
 
Available interfacial stress based solutions are applicable for one or two simple loading 
arrangements. There is no generic and simple solution with good accuracy. The effect of 
shear deformation on interfacial stresses remains poorly understood and only two 
approximate solutions exist which provide only a limited insight. Existing techniques 
used for interpreting the interfacial stresses in experiments are approximate and cannot 
quantify the effect of peeling between the plate and beam. Interfacial fracture mechanics 
based PED models are at their preliminary stages and are very few (De Lorenzis et al., 
2008), and while robust models may be in development elsewhere none are as yet in the 
literature. The two existing complete models (Oehlers, 1992; Teng and Yao, 2007) are 
phenomenological (empirical), rather complex for use in design, and their accuracies 
need to be assessed against test data. A sound understanding on type-1 knowledge is 
really inadequate to explain the type-2 behaviour of ICD due to the differences in the 
failure mechanics. Very few studies existing on type-2 ICD need to be advanced for 
future exploitation in design against ICD. This thesis results from an endeavour to find 
the solutions to the above problems and contribute to the little advancement in the 
theory of plated beams.   
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1.2 Objectives and Methodologies  
 
This research has the overall aim of improving the current understanding of interfacial 
stresses and modelling of debonding failures in plated beams from a structural 
mechanics perspective. The specific objectives and methodologies are as follows:  
 
1. To develop a generic, simple and accurate theoretical solution for the analysis of 
interfacial stresses in plated beams subjected to arbitrary loading considering 
axial and flexural deformations; 
 
2. To study the effect of shear deformation in adherends on interfacial stresses by 
developing an enhanced solution that includes the shear deformation effect on 
interfacial shear stress by an approximation of displacement field in adherends 
and on interfacial normal stress by Timoshenko’s beam theory;  
 
3. To derive a rigorous closed-form solution based on linear-elastic analysis 
considering all deformations simultaneously for any plated beam under any 
loading fully based on Timoshenko’s beam theory; 
 
4. To develop a new technique to interpret the interfacial shear stress and 
additionally quantify the interfacial normal stress from experimental plate strain 
measurements; 
 
5. To develop a PED model based on interfacial fracture mechanics for a plated RC 
beam with plates terminated in a pure bending region; 
 
6. To develop a phenomenological and simple PED model for a plated RC beam 
with plates terminated in high shear-low(zero) moment region (nearer to points 
of contraflexure);  
 
7. To treat the above two models as two extreme boundary conditions to the 
general case of a plate terminated in any shear-bending interaction region; and 
develop an accurate and a general PED model suitable for direct implementation 
in any design codes or guidelines;  
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8. To develop a structural mechanics model to characterise the type-2 ICD 
behaviour using a local softening interface deformation model; relate the applied 
loading with plate deformation using rotational springs that simulate the crack 
flexibility at ends or a sectional analysis with partial interaction method; and 
provide solutions to all states of interfaces in different possible failure processes; 
and  
 
9. To understand the effect of flexural deformation on type-2 ICD behaviour.  
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1.3 Structure of the Thesis  
 
This thesis is constituted by nine chapters including this introductory chapter and seven 
core chapters followed by a summarising chapter. A brief introduction to each chapter is 
provided in this section.  
 
Chapter 2 provides a simple, accurate and a general theoretical solution for analysing 
the interfacial stresses in plated beams. This solution considers a linear material 
behaviour for the plate and beam similar to all existing solutions, adopts a superposition 
technique and compatibility of longitudinal and vertical deformations at the adhesive 
and adherend’s interfaces. This is applicable to all loadings, any cross-section of beam 
and any thickness of bonded plate. 
 
Chapter 3 introduces the effect of shear deformation of beam and plate on both 
interfacial stresses. This accounts the effect of shear deformation on interfacial shear 
stress by a reasonable approximation of displacement field and on interfacial normal 
stress by Timoshenko’s beam theory. This is the first solution to provide a right 
assessment of shear deformation effect.  
 
Chapter 4 provides a rigorous closed-form theoretical solution for interfacial stresses by 
treating the plated beam as bi-Timoshenko beams. This solution explains the real effect 
of shear deformation on interfacial shear and normal stresses and provides a better 
understanding. 
 
Chapter 5 highlights the development of a new technique to interpret the interfacial 
stresses from experimentally measured plate strains. This technique is advantageous 
compared to the traditional deduction method. It provides the peeling stresses 
additionally and the deduced interfacial shear stress accounts the effect of flexural 
deformation in beam and plate. This is applicable for all loading arrangements. 
 
Chapter 6 reports the development of a first interfacial fracture mechanics based 
flexural PED model for the plates terminated in pure bending region. This is assessed 
with a constructed large flexural debonding test database and shown to be reasonably 
accurate. Calibration of this theoretical model with test database resulted in another 
semi-empirical model with highest accuracy. A phenomenological model is also 
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provided that is slightly less accurate but simpler than the semi-empirical model. The 
latter two models are shown to be the accurate of all existing and proposed models.  
 
Chapter 7 gives a review of flexural, shear and shear-bending interaction models 
respectively for a plate terminated in pure bending, high shear-low (or zero) moment 
and shear-bending interaction regions. Then it provides a simple and an explicit shear 
debonding strength model followed by a shear-bending interaction model. Comparisons 
using a large test database with 226 test results and the predictions demonstrate the 
simplicity and the accuracy of the proposed models that can easily be incorporated in 
any design codes and guidelines.  
 
Chapter 8 is related to the development of a structural mechanics model to characterise 
the type-2 ICD behaviour using a local softening interface deformation model. The 
applied loading is related to the plate deformation using rotational springs that simulate 
the crack flexibility at crack locations as well as using a sectional analysis with partial 
interaction method. Provide solutions to all states of interfaces in different possible 
failure processes. Effect of flexural deformation on type-2 ICD behaviour is 
demonstrated with parametric studies.  
 
Chapter 9 summarises all the findings and contributions of this thesis. Future research 
essential to strengthen the concepts, simplify the solutions and improve the 
methodologies and accuracies are identified and recommendations are provided.  
 
This thesis is organised in an incremental fashion that involves a diverse background 
literature and research methodologies. So, the literature review is divided and integrated 
into each core chapter for a better understanding and completeness of each chapter 
instead of providing a separate individual chapter on literature review.  Moreover, the 
core chapters of this thesis are self contained as each will form the basis of a manuscript 
for submission to scientific journals. As a result, there is some repetition of fundamental 
concepts in the introduction of each core chapter and some differences in the writing 
style. Furthermore, notations were chosen to be simple and clear for each core chapter 
rather than for the thesis as a whole; consequently, the notations may not be identical 
from one chapter to another although effort has been made to retain identical notations 
where ever possible.   
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Chapter 2 
 
 
A Simple General Method for Interfacial Stresses  
 
 
Abstract 
 
Recent developments in structural engineering have demonstrated effective 
enhancement in strength and performance of reinforced concrete (RC) and metallic 
beams bonded with a fibre reinforced polymer (FRP) composite or steel plate on their 
tension face. This technique is now popularly adopted for the retrofitting and 
strengthening of existing structures. Under applied loading after strengthening, 
interfacial shear and normal stresses are developed between the adherends in such 
plated beams due to the transfer of stresses between the bonded plate and the original 
beam. The combination of these stresses may be responsible for premature plate end 
debonding failure of the plate from the original beam in a brittle manner. Consequently, 
many analytical solutions have been developed to quantify these interfacial stresses. 
However, almost all of these solutions are applicable only to thin plates bonded to the 
beam and are specific to pre-defined simple loading arrangements, so each solution is 
commonly only applicable to a specific loading. 
 
This chapter presents a new analytical solution for the interfacial stresses in a simply 
supported beam bonded with a thin or thick plate to the tension face. The solution is 
generic and applicable to beams and plates made of any structural materials within the 
linear elastic range, in common with almost all previous studies. The novelty of this 
work lies in the application of the superposition principle so that the simple solution is 
applicable to any arbitrary loading arrangement. Numerical comparison of the new 
solution with one of the existing solutions and finite element predictions for three 
loading cases illustrate the accuracy and applicability of the new analytical solution. 
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2.1 Introduction 
 
Extensive research has shown that bonding a fibre-reinforced polymer (FRP) composite 
or metallic plate to the tension face of a reinforced concrete (RC) or metallic beam is 
effective in enhancing its strength (Teng et al., 2002a). Such strengthened beams 
(Figure 2.1) are called plated beams for brevity in this chapter. This method is popularly 
adopted for retrofitting existing structures. When the plated beam is loaded, longitudinal 
normal (i.e., axial) stresses are generated in the bonded plate. During the transfer of the 
stresses between the bonded plate and the original beam, interfacial shear and normal 
stresses are developed between the adherends (i.e. the original beam and the external 
plate) in the plated beam.  These interfacial shear and normal stresses usually have their 
maximum values near the plate ends. The combined effect of these stresses may lead to 
the premature plate end debonding failure of the plate from the original beam in a brittle 
manner. Consequently, the interfacial stresses between the plate and the original beam 
have attracted a great interest in the last few decades and many analytical solutions have 
been developed to quantify them. A significant limitation of the majority of these 
solutions is that they are load specific, i.e. the form of the solution is different for each 
different loading scheme. Furthermore, most are only applicable to beams strengthened 
with thin plates.  
 
 
Figure 2.1. A plated beam 
 
All the analytical solutions available to date are applicable only to linear elastic 
materials. Most also adopt an important assumption of constant interfacial stresses 
through the thickness of the adhesive layer. This assumption helps in deriving relatively 
simple closed form solutions. 
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Two different approaches have been used in developing the existing solutions, namely 
the deformation compatibility approach and the staged analysis approach. Smith and 
Teng (2001), Vilnay (1988), Liu and Zhu (1994), Taljsten (1997) and Malek et al. 
(1998) and almost all solutions developed after 2001 (e.g. Stratford and Cadei, 2006; 
Yang and Wu, 2007; Xu and Wu, 2009; Yang et al., 2009) considered the deformation 
compatibility between the beam and the bonded plate while Roberts (1989) and Roberts 
and Haji-Kazemi (1989) used a staged analysis approach to derive the interfacial 
stresses. A review by Smith and Teng (2001) suggests that the deformation 
compatibility approach which enforce the interaction of the beam and the plate during 
deformation is more advantageous compared to the staged analysis approach which 
allows deformation of the adherends without interaction. 
 
Under loading a plated beam experiences bending, axial and shear deformations of both 
adherends. Solutions differ in the extent to which they account for axial, bending and 
shear deformations in either the beam, in the bonded plate or in both. All existing 
solutions take account of the bending deformation in the beam and axial deformation in 
the bonded plate in determining the interfacial shear stress. The effects of axial 
deformation in the beam and the bending deformation in the plate are considered in the 
solutions of Roberts (1989), Roberts and Haji-Kazemi (1989), Malek et al. (1998) and 
Smith and Teng (2001) and ignored in other solutions such as Vilnay (1998) and Liu 
and Zhu (1994) in deriving the interfacial shear stress. Taljsten (1997) included axial 
deformation of the beam and ignored the bending deformation of the plate in finding the 
interfacial shear stress. In obtaining the interfacial normal stress, the effect of bending 
deformation in the beam is accounted in a few solutions such as Smith and Teng (2001), 
Liu and Zhu (1994), Taljsten (1997) and Malek et al. (1998) and ignored in other 
solutions such as Vilnay (1998), Roberts (1989) and Roberts and Haji-Kazemi (1989). 
Many of the existing solutions were specifically developed for RC beams bonded with a 
thin plate in which case the bending stiffness of the plate may be neglected in deriving 
both the interfacial shear and normal stresses. Solutions ignoring the bending 
deformation in the beam in determining the interfacial normal stress are found (Smith 
and Teng, 2001) to be unsuitable for plated beams when the flexural rigidity of the 
beam and the bonded plate are more comparable. 
 
Smith and Teng (2001) considered the shear deformation of the adherends within the 
governing differential equations but neglected it when deriving the general solutions. 
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This is recently solved by Yang and Wu (2007) based on a superposition technique as a 
sum of Smith and Teng’s (2001) solution and an additional part which considers the 
shear deformation effect and represented by a series solution. Liu and Zhu (1994) 
considered the effect of shear deformation of the beam within the general solution of 
interfacial shear stress but neglected it in the governing equation of interfacial normal 
stress. This solution is found to be incomplete in the sense that the constants of 
integration in the general solution of interfacial shear stress are not evaluated although 
the boundary conditions are specified. Abdelouahed (2006) included the effect of 
adherend shear deformations by assuming a linear shear stress variation through the 
thickness of the adherends in Smith & Teng’s (2001) solution. However, the shear 
deformation is considered only in predicting the interfacial shear stress. The effect of 
the shear deformations of the adherends is neglected in all other solutions including the 
present one as it is believed to be insignificant for practical beams. 
 
Many of these solutions were specifically developed for plated beams under a specific 
kind of loading. Smith and Teng (2001) provided specific interfacial stress expressions 
applicable for three load cases: an arbitrarily positioned point load, two symmetrically 
positioned point loads and a UDL. The solution of Malek et al. (1998) is general in 
loading to an extent provided the external moment is expressed in terms of a quadratic 
equation with the plate length as the variable. The solution of Vilnay (1988) is 
applicable only to a single point load at the mid span, Taljsten’s (1997) is for an 
arbitrarily positioned single point load and Roberts and Haji-Kazemi’s (1989) solution 
is limited to a UDL. Roberts’ (1989) solution is general in terms of loading but it is 
based on staged analysis approach intended for thin plated RC beams and is rather 
complex. Yang et al. (2009) presented a higher order solution for arbitrary symmetrical 
loading. Stratford and Cadei (2006) developed a classical solution for interfacial shear 
and normal stresses in a plated beam with varying cross sections based on finite 
difference method and Xu and Wu (2009) provided a similar solution based on the finite 
element method but only for the interfacial shear stress. 
 
All simple closed-form solutions do not satisfy the free stress condition that the shear 
stress at the ends of the adhesive layer and of the plate is equal to zero. Higher order 
analyses (e.g. Rabinovich and Frostig, 2000; Shen et al., 2001; and Yang et al., 2002, 
2004, 2009) are required to satisfy this condition. However, such solutions are very 
complex. The limitation of the simple closed-form solutions is found to have a very 
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small effect in a small zone near the end of the plate (Roberts, 1989). This chapter 
proposes a simple analysis giving a closed-form solution. 
 
This chapter presents a new analytical solution generic in nature for determining the 
interfacial stresses in simply supported beams bonded with a thin or a thick plate and 
subjected to any kind of external loading. The solution is based on linear elastic material 
behaviour which is common to all the existing solutions and is derived considering 
deformation compatibility between the adherends. The novelty in this solution lies in 
the application of the superposition principle so that the simple solution is applicable to 
any arbitrary loading arrangement. Numerical comparison of the new solution is given 
for three important load cases: a UDL, an arbitrarily positioned point load and a 
complex loading arrangement. The first two load cases are compared with the solutions 
of Smith and Teng (2001) and finite element (FE) results. The third load case is 
compared with FE results only as no analytical solution is available for such a complex 
loading case.  
 
 
2.2 Assumptions 
 
The following assumptions are employed in deriving the new solution in this chapter:  
a) the beam, adhesive and plate are linear elastic;  
b) plane stress conditions are assumed;  
c) the shear and normal stresses across the thickness of the adhesive layer are 
assumed to be constant although the shear stress variation is partially captured 
within the capability of the composite beam theory; 
d) the curvatures of the beam and the plate are assumed to be the same only in 
determining the interfacial shear stress (this assumption is not used in 
determining the interfacial normal stress); and  
e) compatibility of deformation is considered between the beam and the adhesive 
and between the plate and the adhesive. 
 
The first four assumptions other than the shear stress variation across the adhesive 
thickness are common to all the existing solutions while the fifth is common to almost 
all solutions published after 1990.  
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2.3 Methodology 
 
Consider a simply supported beam either symmetrically or asymmetrically strengthened 
with a soffit plate as shown in Figure 2.1. The beam may or may not have an initial 
loading, but only additional loading applied after plating is considered in the following 
analysis. This additional loading after plating can be arbitrary (Case-1 in Figure 2.2) 
which is decomposed into Case-2 and Case-3. Case-2 includes all the external loading 
plus an axial force and a bending moment at each end of the plate. The magnitude of 
these axial forces and moments are determined from the deformation of the un-plated 
beam so that both ends of the plate deform compatibly with the un-plated beam under 
the external loading and the case can be analysed using the classical composite beam 
theory. Case-3 is the plated beam under the same but opposite plate end loading as in 
Case-2. The combined solutions from Cases 2 and 3 give the solution for the original 
problem in Case-1. 
 
 
 
 
 
 
Figure 2.2. Principle of super position in the interfacial stress analysis of plated beam 
 
 
Let the axial stiffness ratio Ra and bending stiffness ratio Rb of the plate to the beam, and 
the ratio between the axial stiffness of the plate and the bending stiffness of the beam 
Rab be  
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The axial force N and bending moment M at the plate ends for the composite beam in 
Case-2 (Figure 2.2) are given as: 
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where 1y and 2y  are the distances from the bottom of adherend-1 (the original beam) 
and the top of adherend-2 (the plate) to their respective centroids (as shown in Figure 
2.4); subscripts pl and pr refer respectively to the left and right plate ends; subscripts 1, 
2 and a respectively refer to adherend-1, adherend-2 and adhesive; M(0) and M(Lp) 
denote the bending moment at x=0 and x=Lp respectively on the beam under the 
original loading; and E, A, I, b and t refer to the elastic modulus, cross sectional area, 
second moment of area about the centroid of the concerned adherend (i.e. beam or 
plate), breadth and thickness (or depth) respectively. 
 
  
2.4 Solution for the Composite Beam (Case-2) 
 
The interfacial stress in Case-2 can be obtained using the classical composite beam 
theory. The equivalent second moment of area of the composite beam section is given 
by 
cacce IIII 21 ++=                   (2.6) 
where acc II ,1 and cI2 are the equivalent second moment of area of the original beam, 
adhesive and plate sections respectively about the centroid of the composite beam 
section. They can be explicitly written as 
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in which yc is the distance of the centroid of the composite beam section from the top 
surface 
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where the modular ratios Rma and Rm2 are given as 
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Considering a point in the adhesive layer with y distance from bottom of the beam to 
adhesive interface (so y ranges from 0 to ta within the adhesive), the first moment of 
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area of the equivalent plate and adhesive section below the considered position about 
the centroid of the composite beam section is given by 
[ ] [ ]caamacame yyttytbRyytttbRyQ −++−+−++= )(5.0)()( 1221222             (2.12) 
 
The shear stress at the considered position within the adhesive layer is thus 
)()(),( xVymyx Tcc=τ                                                  (2.13) 
where )(xVTc is the total shear force on the composite beam section at a distance of x 
from the plate end due to all the loading in Case-2 (including the contribution from plate 
end loadings) and  
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The interfacial normal stress from this theory is zero, 0)( ≈xσ .  
 
 
2.5 Governing Differential Equations and General Solutions for Case-3  
 
The governing differential equations and general solutions for the interfacial shear and 
normal stresses between the adherends of the plated beam shown in Case-3 (Figure 2.2) 
are derived in this section. 
  
2.5.1 Interfacial shear stress  
 
The moment in the beam and that in the plate can be related assuming equal curvatures 
in both of them. This gives 
)()( 21 xMxMRb =          (2.15) 
 
Longitudinal equilibrium of a differential segment of the plated beam as shown in 
Figure 2.3 gives 
dx
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where )(xτ is the interfacial shear stress between the adherends. Eq. 2.17 is obtained 
from axial equilibrium of the left part of the structure shown in Figure 2.4.  
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Figure 2.3. Differential segment of a plated beam 
 
 
 
 
 
Figure 2.4. Free body diagram of the left segment of the plated beam 
     
Assuming that the beam is on a pinned support at the left and roller support on the right 
as shown in Figure 2.2, the total shear force at any section of the plated beam )(xVT can 
be expressed in terms of the plate end loadings as 
[ ] TaprplprplT VytNNMMLxV =+−+−= ))((
1)( 2      (2.18) 
The total applied moment at any section of the plated beam )(xM T  can be related to the 
moment and axial force on each of the adherend as 
[ ] [ ])()()()()()( 11121221 ytyxNyyttxNxMxMxM ccaT −−−−++++=   (2.19) 
From Eqs 2.15 and 2.19 the bending moment in each adherend can be found as  
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where subscript i = 1, 2 refer respectively to adherend-1 and adherend-2. 
Substituting Eq. 2.16 into the first derivative of Eq. 2.20 gives the following 
relationship between the bending moments in each adherend with the total shear force: 
[ ]( ))()()( 212
2211
xytybxV
IEIE
IE
dx
xdM
aT
iii τ++−





+
= ; i = 1, 2  (2.21) 
 
The longitudinal strain at the bottom of adherend-1 ε1(x) and at the top of adherend-2 
ε2(x) are  
)(1)()1()()( 1 xN
AE
xM
IE
y
dx
xdu
x i
ii
i
ii
iii
i +−==
+ε ;   i = 1, 2  (2.22) 
Based on the theory of elasticity, the shear stress in the adhesive layer can be found 
from  




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
+=
dx
yxdv
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yxduGx a
),(),()(τ        (2.23) 
where Ga is the shear modulus of adhesive and ),( yxu and ),( yxv are the horizontal and 
vertical displacement in the adhesive layer. 
The first derivative of Eq. 2.23 with respect to x is  


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yxudG
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a
τ
       (2.24) 
The moment-curvature relation for a differential segment of the plated beam gives 
)(1),(
1
2
2
xM
IEdx
yxvd
T
e
−=         (2.25) 
Assuming that the shear stress is uniform through the thickness of the adhesive layer in 
Case-3, ),( yxu varies linearly across at , so 
[ ])()(1),( 12 xuxutdy
yxdu
a
−=         (2.26) 
The first derivative of the above equation with respect to x is given by 




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)()(1),( 122
       (2.27) 
 
Substituting Eqs 2.25 and 2.27 into Eq. 2.24 gives 
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The third term on the right side in Eq. 2.28 is not considered in previous solutions to 
avoid complexity in the solution. This term is usually very small. Very small differences 
are found in the results between the new solution and Smith & Teng (2001) due to the 
inclusion of the above term. 
 
Substituting Eqs 2.19 and 2.22 into Eq. 2.28 yields 
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where 
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Differentiating Eq. 2.29 once with respect x and substituting Eqs 2.16 and 2.21 into the 
resulting expression results in the following governing differential equation for the 
interfacial shear stress: 
0)()()( 2122
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=+− xVmx
dx
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Tλτλ
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       (2.30) 
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Note that the expression for m1 has the additional second term compared with Smith and 
Teng (2001). The general solution of the second order non-homogeneous differential 
equation (Eq. 2.30) is: 
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TVmxBxBx 121 )sinh()cosh()( ++= λλτ       (2.31) 
where B1 and B2 are constants of integration to be determined from appropriate 
boundary conditions.  
 
The boundary conditions available in Case-3 are: 
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plx MxM −==02 )(                            (2.32b) 
prplx NNxN −==01 )(                                                                  (2.32c) 
plx NxN −==02 )(                                (2.32d) 
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0)(1 == pLxxN                                                                                  (2.32g) 
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)(2                                (2.32h) 
0)( 02 ==xxV ; hence, 0201 )()( == −= xaTx xtbVxV τ                                            (2.32i) 
 
Applying Eqs 2.32a-d to Eq. 2.29 gives 
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The first derivative of Eq. 2.31 with respect to x at x=0 is 
λτ 2
0
)( B
dx
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From Eqs 2.33 and 2.34, 
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Applying Eqs 2.32e-h to Eq. 2.29 gives  
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The first derivative of Eq. 2.31 with respect to x at x=Lp is 
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From Eqs 2.36 and 2.37, 
( )prprp
p
a
p
NrMrLMr
LE
G
L
BB 4211
1
2
1 )()sinh()tanh( −+−+−= λλλ    (2.38) 
 
It is found that λLp is generally greater than 10 for practical cases. Hence, 1)tanh( ≈pLλ  
and 0)]sinh(/1[ ≈pLλ . So the second term in Eq. 2.38 is negligible and it reduces to 
21 BB −=           (2.39) 
 
2.5.2 Interfacial normal stress 
 
The interfacial normal stress exists between the adherends due to their differential 
vertical displacement when the beam is loaded. If the vertical displacements of the 
adherends 1 and 2 are respectively )(1 xv and )(2 xv , the interfacial normal stress, 
)(xσ can be found from 
[ ])()()( 12 xvxvt
E
x
a
a
−=σ         (2.40) 
The moment-curvature relation, moment and vertical equilibrium consideration of the 
differential segment of adherends 1 and 2 (Figure 2.3) give 
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Differentiating Eq. 2.41 once and substituting Eq. 2.42 into the resulting equation gives 
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Differentiating Eq. 2.44 once and substituting Eq. 2.43 into the resulting equation gives 
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Differentiating Eq. 2.40 four times with respect to x and substituting Eq. 2.45 into the 
resulting equation yields the following governing differential equation for the interfacial 
normal stress: 
0)()4()()4()( 1444
4
=++
dx
xd
nx
dx
xd τβσβσ       (2.46) 
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The general solution to the fourth order non-homogeneous differential equation (Eq. 
2.46) is: 
[ ] [ ]
dx
xd
nxCxCexCxCex xx )()sin()cos()sin()cos()( 14321
τββββσ ββ −+++= −  (2.47) 
where 1C  to 4C  are constants of integration.  
 
As 0)( →xσ for large values of x, 043 == CC . Hence, Eq. 2.47 reduces to 
[ ]
dx
xd
nxCxCex x )()sin()cos()( 121
τββσ β −+= −                 (2.48) 
 
Using Eqs 2.31 and 2.39, Eq. 2.48 can also be written as 
[ ] [ ])cosh()sinh()sin()cos()( 1121 xxnBxCxCex x λλλββσ β −−+= −    (2.49) 
 
The constants 1C  and 2C  can be determined from appropriate boundary conditions 
listed in Eq. 2.32. Differentiating Eq. 2.40 twice with respect to x, substituting Eq. 2.41 
into the resulting expression and then applying the boundary conditions of Eqs 2.32a 
and 2.32e gives 
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Differentiating Eq. 2.49 twice with respect to x and substituting x=0 into the resulting 
equation gives 
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From Eqs 2.50 and 2.51,  
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Differentiating Eq. 2.40 thrice with respect to x, substituting Eq. 2.44 into the resulting 
expression and then applying the boundary condition of Eq. 2.32i gives 
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Differentiating Eq. 2.49 three times with respect to x and setting x=0 gives 
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C1 is obtained from Eqs 2.52 – 2.54 as  
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2.6 Solution for General Loading (Case-1) 
 
The solutions from Case-2 and 3 are combined to give the solution for the original 
problem in Case-1. The interfacial shear stress is given by 
[ ] TTcc VmxxBxVymyx 11 )sinh()cosh()()(),( +−+= λλτ              (2.56) 
where 11 ,,),( mBymc λ and TV are respectively given by Eqs 2.14, 2.39, 2.30a-b and 2.18. 
 
The interfacial normal stress is given by Eq. 2.49 where 11,, Cnβ and 2C are respectively 
given by Eqs 2.46a-b, 2.55 and 2.52.  It may be noted that 
0)()0( 11 === Tp VLMM when the external loading is symmetrical on the plated beam 
which yields simple expressions for interfacial shear stress and constants of integration.  
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2.7 Validation of New Analytical Solution 
 
The general analytical solution derived above is validated in this section by considering 
three example plated beams under different loadings (Figure 2.5). Plated beam-1 is an 
RC beam of rectangular cross section bonded with a thin glass-fibre-reinforced polymer 
(GFRP) plate at the soffit and subjected to an uniformly distributed load, plated beam-2 
is a rectangular hollow section aluminium beam bonded with a thin carbon-fibre-
reinforced polymer (CFRP) soffit plate and subjected to a single point load near the left 
support and  plated beam-3 is a I-section steel beam bonded at the soffit with a thick 
CFRP plate and subjected to a complex loading arrangement. The geometric and 
material properties of these example beams are provided in Table 2.1 and Figure 2.5.  
  
 
 
 
 
 
 
 
(a) GFRP plated rectangular RC beam under UDL 
 
 
 
 
 
 
 
 
 
(b) CFRP plated rectangular hollow section aluminium beam under single offset point 
load 
 
 
 
 
 
 
 
 
 
 
 
 
 
(c) CFRP plated I-section steel beam under complex loading 
 
Figure 2.5. Example plated beams 
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Table 2.1: Geometric and material properties of example plated beams 
 
 
The interfacial shear and normal stresses are determined for all the example plated 
beams. The results of the new solution for the first two plated beams are compared with 
the analytical solution of Smith and Teng (2001) as well as with finite element (FE) 
predictions (Figures 2.6 and 2.7) while the third one is compared with FE predictions 
only (Figure 2.8) as no other analytical solution is available for this complex loading 
arrangement. Numerical analysis of these example beams show that the interfacial 
stresses near the plate end is dominated by the effect due to the termination of the plate 
(i.e. the solution from Case 3). Away from the plate end, these stresses are dominated 
by the simple composite beam action (i.e. the solution from Case 2), while the solution 
from Case 3 contributes little. 
 
All the FE analyses presented here were conducted using ANSYS 10.0 (2005). The 
plated beam was modelled as a plane stress problem. Four node quadrilateral plane 
stress elements were used in modelling the beam, plate and adhesive layer. The FE 
results shown in this paper were obtained for a fine mesh with an element size of 0.1mm 
at the plate and the adhesive near the plate end, the same as the finest mesh adopted in 
Teng et al. (2002b). The mesh was graded in the horizontal direction starting with an 
aspect ratio of 1 for the elements at the plate end to obtain reasonably accurate stresses. 
It should be noted that stress singularities exist at the two bi-material interfaces, i.e. at 
the beam-adhesive interface (BA interface) and the plate and the adhesive interface (PA 
interface) at the plate ends (Hein and Erdogan, 1971; Teng et al., 2002b; Chen et al., 
2001). The magnitude of the stresses near the stress singularities will always increase as 
the element size is reduced. Therefore, a fully converged solution can never be obtained 
in a finite element analysis. However, the stress singularity effects are only confined to 
Example plated 
beam 
 
Component 
 
Width 
(mm) 
Depth 
(mm) 
Length 
(mm) 
Elastic 
Modulus 
(GPa) 
 
Poisson’s 
ratio 
RC beam b1 = 200 t1 = 300 L1 = 2000 E1 = 30 υ1 = 0.17 
Adhesive layer  ba = 200 ta = 2.0 La = 1600 Ea = 2 υa = 0.35 1 
GFRP plate  b2 = 200 t2 = 5.0 L2 = 1600 E2 = 50 υ2 = 0.30 
AL beam  b1 = 25 t1 = 50 L1 = 1000 E1 = 65.3 υ1 = 0.28 
Adhesive layer  ba = 25 ta = 1.0 La = 860 Ea = 2 υa = 0.35 2 
CFRP plate  b2 = 25 t2 = 2.0 L2 = 860 E2 = 100 υ2 = 0.35 
Steel beam  b1 = 100 t1 = 200 L1 = 1000 E1 = 200 υ1 = 0.30 
Adhesive layer ba = 100 ta = 2.0 La = 850 Ea = 2 υa = 0.35 3 
CFRP plate  b2 = 100 t2 = 20.0  L2 = 850 E2 = 100 υ2 = 0.35 
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within a couple of millimetres near the plate end for the adopted mesh (Teng et al., 
2002b; Chen et al., 2001). 
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(b) Interfacial normal stress 
 
Figure 2.6. Comparison between analytical and FE predictions of interfacial stresses in 
a GFRP plated RC beam (solid rectangular section) subjected to an UDL 
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(b) Interfacial normal stress 
 
Figure 2.7. Comparison between analytical and FE predictions for interfacial stresses in 
a CFRP plated rectangular hollow section aluminium beam subjected to a single point 
offset load 
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(b) Interfacial normal stress 
 
Figure 2.8. Comparison between new analytical solution and FE predictions for 
interfacial stresses in a CFRP plated I-section steel beam subjected to complex loading 
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Table 2.2: Maximum interfacial shear and normal stresses at the plate end, MPa 
 
Finite element results Example 
plated 
beam 
New solution Smith & Teng 
(2001) BA Interface MA Section PA Interface 
 τ (x)   σ(x)     τ(x)      σ(x)     τ(x)      σ(x)      τ(x)      σ(x)      τ(x)      σ(x)      
1 3.075 2.025 3.028 2.018 2.881 8.286 0.246 1.722 0.582 - 6.027 
2 2.923 1.648 3.007 1.675 2.313 6.422 0.488 1.578 0.678 - 5.683 
3 1.515 1.256 - - 1.578 4.694 0.129 1.459 0.211 - 2.091 
 
 
The interfacial stresses near the plate end predicted by Smith and Teng’s (2001) 
solution, the present solution and the finite element method are shown in Figures 2.6-
2.8 for the three example plated beams. It may be noted that uniform shear and normal 
stress distribution is assumed in Smith & Teng’s (2001) and other simple solutions. This 
assumption is largely retained in the present solution: the variation of the shear stress 
across the thickness of the adhesive layer is partially considered based on the composite 
beam theory but the variation arisen from this consideration is found to be negligible 
near the plate end for the three example beams (less than 0.5%). Therefore, only the 
prediction at the beam-adhesive interface (BA interface) is shown in Figures 2.6-2.8 for 
the present solution. Because the beam was modelled as a plane stress problem in the 
FE analysis, the stress variation across the adhesive thickness was properly modelled. 
To show such variation, the FE results are plotted in Figures 2.6-2.8 at three horizontal 
sections in the adhesive layer, namely, BA interface, PA interface and the mid thickness 
of the adhesive (MA section). The predicted maximum interfacial shear and normal 
stresses at the plate end are listed in Table 2.2. 
 
Figures 2.6 and 2.7 show that the predictions from the new solution are in very close 
agreement with those from Smith and Teng’s (2001) solution for the example plated 
concrete beam and the example plated aluminium beam, validating the present solution. 
Figures 2.6-2.8 show that the present solution match closely with the FE predictions at 
the MA section except within about 2 mm from the plate end for all the three example 
beams. 
 
The FE predictions show that the interfacial normal and shear stresses along the BA 
interface and the interfacial normal stress along the PA interface are very high at the 
plate end resulting from stress singularity as discussed above. The normal stress at the 
plate end is tensile at the BA interface but compressive at the PA interface, showing a 
very complex local stress state there. The effect of the singularity is also more 
Chapter 2: A Simple General Method for Interfacial Stresses 
 32 
pronounced on the stresses at the BA interface than the PA interface. Except at the BA 
interface, the shear stress along the vertical edge of the plate end approaches zero as the 
mesh is refined, satisfying the free stress condition there.  
 
It should be noted that an exact match between the results of the simple analytical 
solutions (both the present solution and Smith and Teng’s, 2001 solution) and the FE 
predictions presented in this paper is not expected because different assumptions are 
made in these two types of analyses. In the analytical solutions, both the beam and the 
plate are treated as beams while the adhesive layer is effectively treated as equivalent 
springs due to the assumption of constant stress across its thickness. In contrast, the FE 
analysis presented treats the whole plated beam as a plane stress problem which 
accurately reflects the actual stress state. The comparison between the FE predictions 
and those of the analytical solution is thus more about the accuracy of, rather than 
validating, the present solution. If validation is the purpose of the analysis, both the 
original beam and the plate should be modelled using beam elements while the adhesive 
layer should be modelled using spring elements which are consistent with the 
assumptions in the analytical solution. A comprehensive investigation of the different 
modelling approaches for the plated beam can be found in Zhang and Teng (2010b). 
 
 
2.8 Conclusions 
 
Improvement in strength and performance is observed on metallic and RC beams when 
bonded with a thin plate on their tension face. Interfacial shear and normal stresses are 
generated between the beam and the plate in such plated beams during service which 
may influence the plate end debonding failures. A simple closed-form analytical 
solution based on the principle of superposition has been developed in this chapter to 
quantify these interfacial stresses. Compared with existing analytical solutions which 
are mostly applicable only to rectangular beams under specific loadings, the key 
advantage of the new general solution is that it is applicable for any prismatic beam 
sections under any type of transverse loading, moments and axial forces.  
 
The new solution is demonstrated to be in close agreement with the well-known Smith 
and Teng (2001) solution for an example GFRP plated concrete beam under a uniformly 
distributed load and a CFRP plated rectangular hollow section aluminium beam under 
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an offset point load. Comparisons between the predictions of the new solution and the 
more accurate plane stress finite element predictions have also been conducted for three 
plated beams including a CFRP plated I-section steel beam under a complex loading 
arrangement. The predictions of the new solution are found to be in good agreement 
with the finite element predictions at the mid-adhesive section for any loading 
arrangements.  
 
 
2.9 Notation 
 
The following symbols are used in this chapter: 
A = cross sectional area of the adhesive or adherends; 
b = width of the adhesive or adherends; 
E = modulus of elasticity of the adhesive or adherends; 
G = shear modulus of the adhesive; 
I = second moment of area of the adhesive or adherends about their 
centroidal axis; 
I1c, Iac, I2c
 
 
= second moment of area of beam, adhesive and plate section about 
the centroidal axis of the composite beam section respectively; 
Ie =  second moment of area of the equivalent composite beam section 
about its centroidal axis; 
L = length of the adhesive or adherends; 
Lp = length of the plate; 
M = bending moment in the adherends; 
M(0), M(Lp) = bending moment in plated beam at x=0 and x=Lp under original 
loading ignoring the effects of plate end loading (Case-2); 
M1(0),M1(Lp) = bending moment in beam at x=0 and x=Lp in Case-3 loading; 
MT(x) = total applied bending moment at any section of the plated beam; 
N = axial force in the adherends; 
N(x) = resultant axial force resisted by any section of the adherends; 
Qe(x,y) = first moment of area of equivalent adhesive or plate section about 
the centroidal axis of the composite beam section; 
mc(y), r1- r4,  
m1, λ, β, n1 
= parameter defined respectively in Eq. 14, 29a-d, 30a-b and 46a-b; 
t = thickness/depth of the adhesive or adherends; 
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u = longitudinal displacement of the adherends; 
v = vertical displacement of the adherends; 
V(x) = shear force at any section of adherends; 
VTc(x) = total applied shear force at any section of the composite beam in 
Case-2; 
VT = total shear force at any section of the plated beam in Case-3 loading; 
yc = vertical distance from top of the beam to the centroid of the 
composite beam section; 
y1, y2 = vertical distance from bottom of the beam and top of the plate to 
their respective centroids respectively; 
pl, pr = subscripts referring respectively to the left and right end of the plate; 
1, a, 2 = subscripts referring respectively to the beam, adhesive and plate; 
σ(x)
 
= interfacial normal stress at any section of the plated beam; 
τ(x) = interfacial shear stress at any section of the plated beam; 
γxy = engineering shear strain at the adhesive layer; and 
ε1(x), ε2(x) = longitudinal strain at bottom layer of beam and at top layer of plate 
respectively. 
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Chapter 3 
 
 
Effect of Shear Deformation on Interfacial Stresses  
 
 
Abstract 
 
Bonding a fibre reinforced polymer (FRP) composite or metallic plate to the soffit of a 
reinforced concrete (RC), timber or metallic beam can significantly increase its strength 
and other aspects of structural performance. These hybrid beams are often found to fail 
due to premature debonding of the plate from the original beam in a brittle manner. This 
has led to the development of many analytical solutions over the last two decades to 
quantify the interfacial shear and normal stresses between the adherends. The adherends 
are subjected to axial, bending and shear deformations. However, most analytical 
solutions have neglected the influence of shear deformation of the adherends. For the 
few solutions which consider this effect in an approximate manner, their applicability is 
limited to one or two specific load cases. This chapter presents a general analytical 
solution for the interfacial stresses in plated beams under an arbitrary loading with the 
shear deformation of the adherends duly considered. The shear stress distribution is 
assumed to be parabolic through the depth of the adherends in predicting the interfacial 
shear stress and Timoshenko’s beam theory is adopted in predicting interfacial normal 
stress to account for the shear deformation. The solution is applicable to a beam of 
arbitrary prismatic cross-section bonded symmetrically or asymmetrically with a thin or 
thick plate, both having linear elastic material properties. The effect of shear 
deformation is illustrated through an example beam. The influence of material and 
geometric parameters of the adherends and adhesive on the interfacial stress 
concentrations at the plate end is discussed. 
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3.1 Introduction 
 
Bonding a fibre reinforced polymer (FRP) composite, steel or any other metallic plate to 
the tension face of a reinforced concrete (RC), timber or metallic beam using an 
adhesive (Figure 3.1) has found wide applications in structural engineering for 
retrofitting and rehabilitation of existing structures. The external plate enhances the 
strength and structural performance of the original beam without disturbing the 
surrounding environment. Under external loading, tensile force is generated within the 
bonded plate which is in turn transferred to the original beam through the adhesive 
layer. This process generates interfacial shear and normal stresses in the adhesive layer. 
The concentration of interfacial stresses is highest at the plate ends due to the geometric 
discontinuity at this location. The combination of high interfacial shear and normal 
stresses at the plate end commonly leads to a debonding failure of the plate from the 
original beam in a brittle manner well before the full flexural strength of the plated 
beam is attained.  
 
 
 
 
Figure 3.1. Plated beam 
 
Many theoretical solutions (Vilnay, 1988; Roberts, 1989; Roberts and Haji-Kazemi, 
1989; Liu and Zhu, 1994; Taljsten, 1997; Malek et al., 1998; Rabinovich and Frostig, 
2000; Smith and Teng, 2001; Shen et al., 2001; Deng et al., 2004; Yang et al., 2004, 
2009; De Lorenzis  et al., 2006; Stratford and Cadei, 2006; Abdelouahed, 2006, 2009; 
Yang and Wu, 2007; Narayanamurthy et al., 2010; and Zhang and Teng, 2010a) have 
been developed over the last two decades to quantify the interfacial stresses near the 
ends of the plate. With the exception of the higher order solutions (Rabinovich and 
Frostig, 2000; Shen et al., 2001; and Yang et al., 2004, 2009) all classical solutions 
consider constant interfacial stresses across the thickness of the adhesive layer and 
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hence violate the free surface condition at the ends of the adhesive layer. Due to its 
simplicity and accuracy, the solution developed by Smith and Teng (2001) is popular 
among all the above solutions but is applicable only for uniformly distributed loads 
(UDL) and single point loads. The solutions of Narayanamurthy et al. (2010) and Zhang 
and Teng (2010a) retain the advantages of Smith and Teng’s solution but are applicable 
to any loading arrangements, while the latter is applicable even to curved plated beams.  
 
The adherends in a plated beam are usually subjected to axial, bending and shear 
deformations under external loading. However, most theoretical solutions neglect the 
effect of shear deformation of the adherends. Liu and Zhu (1994) considered this effect 
of shear deformation of the beam only in the general solution of interfacial shear stress 
and provided an incomplete solution without providing the expressions for the constants 
of integration. Smith and Teng (2001) considered the shear deformation of the 
adherends within the governing differential equations but neglected it when deriving the 
general solutions to simplify the solution from the complexities in arriving at the 
general solutions from the two strongly coupled governing equations. This is recently 
solved by Yang and Wu (2007) based on a superposition technique as a sum of Smith 
and Teng’s (2001) solution and an additional part which considers the shear 
deformation effect and represented by a series solution which is complex. Tsai et al. 
(1998) considered the effect of shear deformation in adhesively bonded double lap 
joints by assuming a linear shear stress variation through the thickness of the adherends. 
Abdelouahed (2006) applied Tsai et al.’s (1998) assumption in Smith & Teng’s (2001) 
solution for plated beams. A slightly different function from that used in (2006) in 
approximating the longitudinal displacement of the adherends was used in Abdelouahed 
et al. (2009) but its improvement is unclear. It appears that a mistake was made in both 
Abdelouahed (2006) and Abdelouahed et al. (2009) when comparing the predictions 
with test results reported in Jones et al. (1988).  
 
From the above review, only three solutions (Abdelouahed, 2006; Yang and Wu, 2007; 
Abdelouahed et al., 2009) incorporated the effect of shear deformation approximately in 
the solution of interfacial shear stress in plated beams. No solutions have considered 
this effect on the interfacial normal stress. It may also be noted that the solutions in 
Abdelouahed (2006) and Abdelouahed et al. (2009) are only applicable to UDL and two 
single point loads while that in Yang and Wu (2007) is only applicable to UDL. From 
these studies, the effect of shear deformation has been found to be considerable for 
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plates made of FRP composites due to their low shear modulus (Tsai et al., 1998). This 
effect is also dependent on factors such as the elastic modulus of the adhesive, thickness 
of the adhesive layer and the plate (Yang and Wu, 2007). 
 
This chapter presents a new solution which includes the effect of the shear deformation 
of adherends on both interfacial normal and shear stresses. This new solution is based 
on the principle of superposition and compatibility of longitudinal and transverse 
deformations between the beam-adhesive and adhesive-plate interfaces for a plane stress 
condition. The shear and normal stresses through the thickness of the adhesive layer are 
assumed to be constant although the shear stress variation is captured within the 
capability of the composite beam theory. In determining the interfacial shear stress, the 
curvatures of the beam and the plate are assumed to be the same.  This solution 
considers axial, bending and shear deformation in both the original beam and the 
bonded plate. The effect of the shear deformation of the adherends on the interfacial 
shear stress is considered by assuming a parabolic variation of shear stress through the 
depths of the original beam and of the plate. In deriving the solution for interfacial 
normal stress, the shear deformation in adherends is accounted for in closed form using 
the Timoshenko’s beam theory.  Further, the present solution is very general in nature 
because it is applicable to any beam composed of linear elastic adherends, having 
arbitrary cross sections, with either a thick or thin plate bonded symmetrically or 
asymmetrically over the span of the beam, and subject to a general loading arrangement. 
A comparison of the present solution with other theoretical solutions is given at the end 
through an illustrative example to highlight the effect of shear deformation in 
adherends. The influence of material and geometric parameters of the adherends and 
adhesive on the present solution is also provided through a parametric study that offers 
other insights. 
 
 
3.2 Methodology 
 
Consider a simply supported beam symmetrically or asymmetrically strengthened with 
a soffit plate as shown in Figure 3.1. The plated beam under an arbitrary loading as 
shown in Case-1 (Figure 3.2) is decomposed into Case-2 and Case-3. Case-2 considers 
an axial force, shear force and a bending moment at each end of the plate in addition to 
the external loading. The magnitude of these axial forces, shear forces and moments are 
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determined from the deformation of the un-plated beam so that both ends of the plate 
deform compatibly with the un-plated beam under the external loading and the case can 
be analysed using the classical composite beam theory. Case-3 is the beam having a 
plate experiencing the same axial forces, shear forces and bending moments at the ends 
of the plate but in the opposite directions as in Case-2. The combined solution from 
Cases 2 and 3 gives the solution for the original problem in Case-1.  
 
Solution for Case-1 = Solution from (Case- 2 + Case- 3) 
 
Figure 3.2. Principle of superposition in the interfacial stress analysis of plated beam 
 
Let the axial stiffness ratio of the plate to the beam Ra (dimensionless), bending stiffness 
ratio of the plate to the beam Rb (dimensionless) and the ratio between the axial stiffness 
of the plate and the bending stiffness of the beam Rab [having dimensions of  
(1/Length)2] be given by  
11
22
AE
AE
Ra = ;  
11
22
IE
IE
Rb = ;   
11
22
IE
AE
Rab =                       (3.1) 
 
Let 1y and 2y  be the distances from the bottom of the adherend-1 (the original beam) 
and the top of the adherend-2 (the plate) to their respective centroids and yc be the 
distance of the centroid of the composite beam section from the top surface. The axial 
force N, shear force V and bending moment M at the plate ends for the composite beam 
in Case-2 (Figure 3.2) are thus given as: 
aabapl NRRytyMN +++= ))(0( 21                     (3.2) 
aabappr NRRytyLMN +++= ))(( 21                      (3.3) 
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bpl RMM )0(=                       (3.6) 
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bppr RLMM )(=                       (3.7) 
where subscripts pl and pr refer respectively to the left and right plate ends; subscripts 
1, 2 and a respectively refer to adherends 1 and 2 and the adhesive; M(0), M(Lp), V(0) 
and V(Lp)   denote the bending moments and shear forces at x=0 and x=Lp respectively 
on the beam under the original loading ignoring the plate end loads; and E, A, I, Ie, b 
and t refer to the elastic modulus, cross sectional area, second moment of area about the 
centroid of the concerned component (i.e. beam or plate), equivalent second moment of 
area of the composite beam section, breadth and thickness respectively. 
 
 
3.3 Solution for the Composite Beam (Case-2) 
 
As noted earlier the interfacial stress in Case-2 can be obtained using the classical 
composite beam theory. The equivalent second moment of area of the composite beam 
section is given by 
cacce IIII 21 ++=                       (3.8) 
where I1c, Iac and I2c are the equivalent second moment of area of the original beam, 
adhesive and plate sections respectively about the centroid of the composite beam 
section. They can be written as 
[ ]211111 )( ytyAII cc −−+=           (3.9) 
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where yc and the modular ratios Rma and Rm2 are given by  
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Considering a point in the adhesive layer at distance y from the beam to adhesive 
interface (so y ranges from 0 to ta within the adhesive), the first moment of area of the 
equivalent plate and adhesive section below the considered position about the centroid 
of the composite beam section is given by 
Chapter 3: Effect of Shear Deformation on Interfacial Stresses  
 
 41 
[ ] [ ]caamacame yyttytbRyytttbRyQ −++−+−++= )(5.0)()( 1221222             (3.14) 
 
The shear stress at the considered position within the adhesive layer is thus 
)()(),( xVymyx Tcc=τ                                                  (3.15) 
where VTc(x) is the total shear force on the composite beam section at a distance of x 
from the left plate end due to all the loading in Case-2 (including the contribution from 
plate end loadings) and  
2
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The interfacial normal stress from this theory is zero, i.e. 0)( ≈xσ .  
 
 
3.4 Governing Differential Equations and General Solutions for Case-3  
 
The governing differential equations and general solutions for the interfacial shear and 
normal stresses between the adherends for Case-3 (Figure 3.2) are derived in this 
section.  
 
3.4.1  Interfacial shear stress  
 
The moment in the beam and the plate can be related assuming that they experience 
equal curvatures under the given load. This is given by 
)()( 21 xMxMRb =          (3.17) 
Longitudinal equilibrium of a differential segment of the plated beam as shown in 
Figure 3.3 gives 
dx
xdN
xb
dx
xdN )()()( 221 ==− τ         (3.18) 
where )(xτ is the interfacial shear stress between the adherends. 
 
The total shear force VT(x) and total applied moment MT(x) at any section of the plated 
beam as obtained from plate end loadings are: 
[ ] TaprplprplprplT VytNNaVVMMLxV =+−++−−= ))(()(
1)( 2    (3.19) 
)()()()( 12 cpraplplTplT ytNytNMxaVaVxM −−+−−++= ;  pLx ≤≤0  (3.20) 
where a is the distance from the support to the plate end.  
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Figure 3. 3. Differential segment of a plated beam 
 
From Eqs 3.17 and 3.20 the bending moment in each adherend can be found as  
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Taking the first derivative of Eq. 3.21 with respect to x gives the following relationship 
between the bending moments in each adherend and the total shear force: 
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The moment equilibrium in adherends relates the shear force and bending moment in 
each adherends as 
)()()( 2 xybdx
xdM
xV iii τ+= ; i = 1, 2      (3.23) 
 
The longitudinal strain at the bottom of adherend-1 ε1(x) and at the top of adherend-2 
ε2(x) are 
 )()()()( xx
dx
xdu
x imib
i
i εεε +== ;  i = 1, 2      (3.24) 
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where εib(x) and εim(x) are the strains induced by the bending moments and axial 
(membrane) forces respectively. If the displacements corresponding to the above strains 
are respectively given as uib(x) and uim(x), these strains can be expressed as 
)()1()()( 1 xM
IE
y
dx
xdu
x i
ii
iiib
ib
+
−==ε ;  i = 1, 2    (3.25) 
dx
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x imim
)()( =ε ;  i = 1, 2       (3.26) 
 
Shear deformations of the adherends are incorporated in this analysis in determining 
εim(x). The present analysis considers the actual parabolic variation of shear stress 
(strain) through the adherend thickness. In order to achieve the above distribution, a 
cubic variation in respect of y is considered for the longitudinal displacements uim(x,y): 
)()()()(),( 4322311 xayxayxayxayxu oooom +++=       (3.27) 
)()()()(),( 8726352 xayxayxayxayxu ppppm +++=       (3.28) 
where ),( oyx and ),( pyx  are the local co-ordinate system with their origin at the top 
surface of adherend-1(original beam) and adherend-2 (plate) respectively.   
 
The variation of the transverse displacement in the longitudinal direction is negligible, 
i.e. 0/ =∂∂ xvim , so the shear strains in the adherends are given by 
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The shear stresses in the two adherends are  
),(),( yxGyx iii γτ =     ;  0,1 yyi == or pyyi == ,2  (3.31) 
where Gi is the transverse shear modulus of the adherends  
The shear stress in the adherends must satisfy the following conditions: 
0)0,(1 =xτ     ;  0),( 22 =txτ                               (3.32a) 
)(),( 11 xyx nb ττ =    ;  )(),( 222 xyx nττ =              (3.32b) 
)(),( 11 xtx ττ =    ; )()0,(2 xx ττ =               (3.32c) 
where yb is the distance of the centroid of the beam from its top surface, τin(x) with i=1, 
2  represents the shear stress in adherends at the neutral axis (NA). τin(x) is determined 
based on equilibrium by considering interfacial shear stress and beam theory as 
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In the above equation, b1n is the width of beam at NA, b2n = b2 and   Qi(y) is the first 
moment of area of the section of adherend below or above the NA about the NA of the 
cross section. Eq. 3.32a is based on zero shear stress on the free surface at the top of 
adherend-1 and bottom of adherend-2. Eq. 3.32b is an approximation based on the beam 
theory. Eq. 3.32c results from the continuity of displacements at the interfaces between 
adhesive and adherends and the assumption of constant shear stress )(xτ  through the 
thickness of the adhesive.  
 
Application of Eqs 3.32a-c into Eq. 3.31 gives  
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The longitudinal displacement uim for the adherends are given by 
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Substituting Eqs 3.34-3.35 into Eq. 3.36 gives 
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The displacements are continuous at the interfaces between the adhesive and adherends. 
Hence, u1m(x,t1) = u1m and u2m(x,0) = u2m. 
 
Substituting y0 = t1 into Eq. 3.37 and rearranging yields 
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Substituting Eq. 3.39 into Eq. 3.37 gives 
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The longitudinal resultant forces Ni(x) in the adherends are given by 
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where σi(x,y) is the longitudinal normal stress in the adherends. Expressing these 
stresses into functions of displacements at the interface between the adhesive and 
adherends results 
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From Eqs 3.42 and 3.43, 
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Substituting the first derivative with respect to x of Eq. 3.33 into Eqs 3.44-3.45 and 
using the resulting equations together with Eq. 3.25 into Eq. 3.24 yields 
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Based on the theory of elasticity, the shear stress in the adhesive layer can be found 
from  
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where Ga is the shear modulus of adhesive and u(x,y) and v(x,y) are the horizontal and 
vertical displacement in the adhesive layer. 
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The first derivative of Eq. 3.48 with respect to x is  
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The moment-curvature relation for a differential segment of the plated beam is 
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Because the shear stress is assumed to be uniform through the thickness of the adhesive 
layer, u(x,y) varies linearly across at  so 
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The first derivative of the above equation with respect to x is  
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Substituting Eqs 3.50 and 3.52 into Eq. 3.49 gives 
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Substituting Eqs 3.21, 3.46 and 3.47 into Eq. 3.53 yields 
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Differentiating Eq. 3.54a once with respect to x and substituting Eqs 3.18, 3.22 and 3.23 
into the resulting expression results in the following governing differential equation for 
the interfacial shear stress: 
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where  
222 λαλ =n                   (3.55b) 
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The
 
parameter λn accounts for the effects of flexural, axial and shear deformation in 
which α caters for the shear deformation
 
and λ for the flexural and axial deformation. 
Parameters r8 and r9 are responsible for effecting parabolic variation of shear stress in 
adherends. Taking r8 and r9 values to unity leads to a linear shear stress distribution in 
adherends as approximated in Tsai et al. (1998) and Abdelouahed (2006), and taking 
their values to zero leads to (α = 1) the interfacial shear stress solution in 
Narayanamurthy et al. (2010). The accuracy in capturing the effect of shear deformation 
in the adherends lies with the accuracy in the prediction of α. 
 
The general solution of the second order non-homogeneous differential equation (Eq. 
3.55a) is: 
Tnn VmxBxBx 121 )sinh()cosh()( ++= λλτ       (3.56) 
where B1 and B2 are the constants of integration to be determined from appropriate 
boundary conditions. 
 
 
3.4.2 Interfacial normal stress 
 
The interfacial normal stress exists between the adherends due to the differential vertical 
displacement between them when the beam is loaded. If the vertical displacements of 
the adherends 1 and 2 are respectively denoted by v1(x) and v2(x), the interfacial normal 
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stress, σ(x) can be found from the following equation assuming a constant normal stress 
through the thickness of the adhesive: 
)]()([)( 12 xvxvt
E
x
a
a
−=σ         (3.57) 
The moment-curvature relation, moment and vertical equilibrium of the differential 
segment of the adherends 1 and 2 (Figure 3.3) gives the following relationships 
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κ
−+−= ;  i = 1, 2              (3.58) 
where κi is the Timoshenko’s shear coefficient which is the ratio between the effective 
area resisting shear deformation and the actual cross sectional area of the adherend (e.g. 
κ=5/6 for rectangle and κ=5/12 for hollow thin walled square section). 
 
The moment equilibrium is as given in Eq. 3.23. 
)()1()( 2 xbdx
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Differentiating Eq. 3.58 once with respect to x and substituting Eq. 3.23 into the 
resulting equation gives 
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Differentiating Eq. 3.60 once with respect to x and substituting Eq. 3.59 into the 
resulting equation gives 
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Differentiating Eq. 3.57 four times with respect to x and substituting Eq. 3.61 into the 
resulting equation yields the following governing differential equation for the interfacial 
normal stress 
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In Eq. 3.62a, β1 arose from Timoshenko’s beam theory and reflects the effect of shear 
deformation. If β1= 0 it reduces to the governing equation for interfacial normal stress 
without considering shear deformation as in Narayanamurthy et al. (2010). 
 
The governing equation for the interfacial normal stress given in Eq. 3.62a is a fourth 
order non-homogeneous ordinary differential equation. Its general solution can have the 
following three forms depending on the value of parameter δ which is influenced by 
material and geometric properties of the adherends and adhesive. 
2
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where C1 to C6 and C11 to C61 are constants of integration. They are to be determined 
from appropriate boundary conditions listed in Eq. 3.70 and  
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Because σ(x)→0 for large values of x, C11 to C61 = 0 and Eqs 3.64-3.66 reduce to 
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3.5 Boundary Conditions in Case-3 
 
The boundary conditions available in Case-3 are: 
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3.6 Application of Boundary Conditions 
 
The constants of integration B1 and B2 in the general solution of interfacial shear stress 
(Eq. 3.56) and C1 to C6 in the general solution of interfacial normal stress (Eqs 3.67-
3.69) are determined in this section from appropriate boundary conditions listed in Eq. 
3.70. 
 
3.6.1 Interfacial shear stress – Constants B1 and B2 
 
Applying Eqs 3.70a-f into Eq. 3.54a gives 
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The first derivative of Eq. 3.56 with respect to x at x=0 is 
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From Eqs 3.71 and 3.72, 
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Applying Eqs 3.70g-l into Eq. 3.54a gives 
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The first derivative of Eq. 3.56 with respect to x at x=Lp is 
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From Eqs 3.74 and 3.75, 
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It is found that λnLp>10 for practical cases so tanh(λnLp) ≈ 1 and [1/sinh(λnLp)] ≈ 0. 
Therefore, Eq. 3.76 is reduced to 
21 BB −=           (3.77) 
 
3.6.2 Interfacial normal stress - Constants C1 to C6 
 
Constants C1 to C2 
 
Differentiating Eq. 3.57 twice with respect to x, substituting Eq. 3.58 into the resulting 
expression and then applying the boundary conditions in Eqs 3.70a-b gives 
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Setting x=0 in Eq. 3.67 and substituting in Eq. 3.78 gives 
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Differentiating Eq. 3.67 twice with respect to x and setting x=0 into the resulting 
equation gives 
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From Eqs 3.79 and 3.80,  
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Differentiating Eq. 3.57 thrice with respect to x, substituting Eq. 3.60 into the resulting 
expression and then applying the boundary conditions in Eqs 3.70e-f gives 
0
12
110
3
3 )()0()(
==
+−=
x
mTm
a
a
x
dx
xd
nV
IEt
E
dx
xd σβτσ                    (3.82a) 
where 
pl
b
b
TTm VR
RVV 




 +
+=
1
                                     (3.82b)     






−
+
=
22
2
11
12
2 IE
y
IE
ty
t
bE
n a
a
a
m                             (3.82c) 
Differentiating Eq. 3.67 once with respect to x, setting x=0 and substituting the result 
into Eq. 3.82a gives 
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Differentiating Eq. 3.67 three times with respect to x and setting x=0 gives 
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From Eqs 3.83 and 3.84, 
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C1 and C2 are obtained from Eqs 3.81 and 3.85 as  
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Constants C3 and C4 
 
Setting x=0 in Eq. 3.68 and substituting in Eq. 3.78 gives 
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Differentiating Eq. 3.68 twice with respect to x and substituting x=0 into the resulting 
equation gives 
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The fifth and higher derivatives of )(xτ are very small and hence neglected in this 
section.   
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Differentiating Eq. 3.68 once with respect to x, setting x=0 and substituting the result 
into Eq. 3.82 gives 
0
4
4
92
2
814413312
110
3
3 )()()0()(
==






++−−−=
x
mTm
a
a
x
dx
xd
n
dx
xd
nCCnV
IEt
E
dx
xd ττβηβηβτσ  (3.91) 
Differentiating Eq. 3.68 three times with respect to x and setting x=0 gives 
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From Eqs 3.91 and 3.92, 
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C3 and C4 are obtained from Eqs 3.90 and 3.93 as  
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where n10 and n11 are given as 
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Constants C5 and C6 
 
Setting x=0 in Eq. 3.69 and substituting in Eq. 3.78 gives 
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Differentiating Eq. 3.69 twice with respect to x and setting x=0 into the resulting 
equation gives 
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From Eqs 3.96 and 3.97,  
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Differentiating Eq. 3.69 once with respect to x, setting x=0 and substituting the result 
into Eq. 3.82 gives 
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Differentiating Eq. 3.69 three times with respect to x and setting x=0 gives 
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From Eqs 3.99 and 3.100, 
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C5 and C6 are obtained from Eqs 3.98 and 3.101 as  
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where n12 and n13 are given as 
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3.7 Solution for General Loading (Case-1) 
 
The solutions from Case-2 and 3 are combined to get the solution for the original 
problem in Case-1. The interfacial shear stress is given by the summation of Eqs 3.15 
and 3.56 as 
TnnTcc VmxxBxVymyx 11 )]sinh()[cosh()()(),( +−+= λλτ              (3.104) 
 
The interfacial normal stress is given by Eqs 3.67, 3.68 or 3.69 depending on δ in Eq. 
3.63.  
 
 
3.8 Comparison of Analytical Solutions  
 
A comparison of the interfacial shear and normal stresses from the closed form 
solutions of Smith & Teng (2001), Narayanamurthy et al. (2010), Abdelouahed (2006) 
and the present solution are presented in this section. A steel plated RC beam of 
rectangular cross section subjected to a four point bending with two transverse loads 
each of 30kN as shown in Figure 3.4 is analysed here as a typical case. The material and 
geometric properties of this beam are given in Table 1 which are taken from an 
experimental study undertaken by Jones et al. (1988).  
       
 
Figure 3.4. A steel plated RC beam subjected to 4 point bending 
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The interfacial stresses from the above analytical solutions are plotted in Figure 3.5. The 
solutions of Smith & Teng (2001) and Narayanamurthy et al. (2010) match closely but 
both solutions neglect the effect of shear deformation. The only difference between the 
present solution and Narayanamurthy et al. (2010) is the inclusion of the shear 
deformation in the adherends in the present solution. It is observed that the peak 
interfacial shear stress is reduced by 25% and the peak interfacial normal stress is 
increased by 29% in the present solution compared to Narayanamurthy et al. (2010). 
This is because the effect of shear deformation increases the transverse strain 
component and reduces the longitudinal strain in the adherends at the interface which in 
turn increases the peeling effect (interfacial normal stress) and reduces the interfacial 
shear stress respectively. 
 
Table 3.1: Geometric and material properties of example plated beams 
Note : * - used in parametric study; + - different from Jones et al. [21]. 
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(a) Interfacial shear stress 
 
 
Component 
 
Width 
(mm) 
 
Depth 
(mm) 
 
Length 
(mm) 
 
Elastic modulus 
(GPa) 
 
Transverse shear  
modulus (GPa) 
RC beam b1 = 155 t1 = 225 L1 = 2300 E1 = 31  G1 = 13.14 
Steel plate b2 = 125 t2 = 6 L2 = 2200 E2 = 200  G2 = 76.92 
Adhesive layer  ba = 125 ta = 1.5 La = 2200 Ea = 3+ Ga = 1.11 
CFRP plate* b2 = 125 t2 = 6 L2 = 2200 E2 = 100  G2 = 4.24 
GFRP plate* b2 = 125 t2 = 6 L2 = 2200 E2 = 50  G2 = 3.50 
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(b) Interfacial normal stress 
 
Figure 3.5. Comparison of analytical solutions for interfacial stresses in a steel plated 
rectangular RC beam subjected to four point bending  
 
Abdelouahed (2006) predicts much lower interfacial shear stress compared with all the 
other solutions. If the plane section assumption at the mid-span of the beam is satisfied, 
the tensile stress in the plate at the mid-span must be the same for all the solutions. 
Equilibrium requires that the integral of the interfacial shear stress from the plate end to 
mid-span of the beam (the area under the curve in Figure 3.5a) must be the same for all 
solutions and equal the tensile force in the plate at the mid-span. Abdelouahed’s (2006) 
solution is erroneous probably due to the adopted assumption that shear stresses vary 
linearly through the depth of the adherends in a plated beam. Note that this assumption 
does not satisfy equilibrium. 
 
It may be noted that the effect of shear deformations in the adherends are totally 
neglected in all the three previous solutions compared here in determining the interfacial 
normal stress. So only the present solution has captured this effect by a reasonable 
approximation in interfacial shear stress and accurately using Timoshenko’s beam 
theory in interfacial normal stress in a closed-form, although the prediction of the 
former does influence the latter.  
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3.9 Parametric Study  
 
The effects of various geometric and material parameters such as the elastic modulus of 
adhesive layer Ea, adhesive thickness ta, plate material, its length Lp and thickness t2 and 
beam thickness t1 on the interfacial stresses are analysed. In this parametric study, only 
one of these parameters to be studied is varied while the applied load and all other 
parameters remain unchanged from those of the reference beam analysed in the 
preceding section. Figure 3.6 shows that the peak interfacial stresses are significantly 
affected by the magnitude of Ea: they are smaller for softer adhesives. Figure 3.7 depicts 
the peak interfacial shear stresses τ(x) and peak interfacial normal stresses σ(x) predicted 
from Narayanamurthy et al. (2010), Smith and Teng (2001) and the present solution for 
different values of Ea. The predictions of the former two solutions agree well – they 
increase at a higher rate with Ea compared to the present solution. This may be 
explained as follows. The interfacial shear stress τ(x) is directly proportional to the 
integration constant B1 (see Eq. 3.56). The effect of shear deformation in the adherends 
is reflected in α which reduces when Ea increases. On the other hand, the peak σ(x) from 
the present solution is always higher than Narayanamurthy et al. (2010) and Smith and 
Teng (2001) and this difference reduces gradually with the increase in Ea. 
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Figure 3.6. Effect of elastic modulus of adhesive layer on interfacial stresses in steel 
plated RC beam subjected to four point bending 
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Figure 3.7. Effect of elastic modulus of adhesive layer on peak interfacial stresses in a 
steel plated RC beam subjected to four point bending 
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Figure 3.8. Effect of adhesive thickness on interfacial stresses in a steel plated RC beam 
under four point bending 
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Figure 3.9. Effect of plate material on interfacial stresses in a steel plated RC beam 
under four point bending 
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Figure 3.10. Effect of plate length on interfacial stresses in a steel plated RC beam 
under four point bending 
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Figure 3.11. Effect of plate thickness on interfacial stresses in a steel plated RC beam 
under four point bending 
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Figure 3.12. Effect of span-to-depth ratio of beam on interfacial stresses in a steel plated 
RC beam under four point bending 
 
Figure 3.8 shows the variation of interfacial stresses for different thicknesses of the 
adhesive layer. Higher interfacial stresses are found for a thinner adhesive layer. Figure 
3.9 shows that typical GFRP, CFRP and steel plates produce interfacial shear stresses in 
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an increasing order. The peak interfacial normal stress in CFRP plated RC beam is 
higher than that in the steel and GFRP plated beams (Figure 3.9b). This is very different 
from the trends seen in their influence on the interfacial shear stress (Figure 3.9a) and is 
attributed to the influence of shear deformation in plates particularly with low shear 
modulus and higher elastic modulus. The termination position of the plate can 
significantly affect the interfacial stresses. When the plate is terminated far away from 
the support (with a smaller plate length-to-beam depth ratio Lp/t1 in Figure 3.10), the 
interfacial stresses increase because of an increase of bending moment at the plate end 
section. The effect of soffit plate thickness on the interfacial stresses is shown in Figure 
3.11. An increase in plate thickness increases the interfacial stresses. When the beam 
depth is reduced (the span-to-depth ratio L/t1 is increased in Figure 3.12), the interfacial 
stresses increases because the relative stiffness of the plate to beam increases. 
 
 
3.10 Conclusions  
 
A closed-form plane stress solution for interfacial shear and normal stresses in plated 
beams including the effect of axial, bending and shear deformations in adherends has 
been presented in this chapter. The solution is based on the principle of superposition 
and deformation compatibility between the adherends considering invariant stresses 
through the thickness of the adhesive layer. The effect of shear deformations in the 
adherends on interfacial shear stress is included by assuming that shear stress varies in a 
parabolic manner through the depth of the beam and the plate. Its effect on interfacial 
normal stress is included through Timoshenko’s beam theory. The present solution 
represents the first closed-form solution to consider the effect of shear deformation on 
both interfacial stresses applicable to plated beams made of any linear elastic structural 
material with any prismatic beam cross section under a general arbitrary loading 
arrangement. The results from an example plated beam have shown that the shear 
deformation in the adherends may significantly reduce the interfacial shear stress and 
increase the interfacial normal (peeling) stress at the plate ends. The parametric study 
shows the influence of different geometric and material properties of the plated beam on 
interfacial stresses. This study offers a more accurate and complete estimate of the 
interfacial normal and shear stress distribution in plated beams. 
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3.11 Notation 
 
The following symbols are used in this chapter. 
A = cross-sectional area of the adhesive or adherends; 
b = width of the adhesive or adherends; 
b1n = width of beam section at its neutral axis;  
E = modulus of elasticity of the adhesive or adherends; 
G = shear modulus of the adhesive; 
I = second moment of area of the adhesive or adherends about their 
centroidal axis; 
I1c, Iac, I2c
 
 
= second moment of area of beam, adhesive and plate section 
respectively about the centroidal axis of the composite beam 
section; 
Ie =  second moment of area of the equivalent composite beam section 
about its centroidal axis; 
L = length of the adhesive or adherends; 
Lp = length of the plate; 
M = bending moment in the adherends; 
M(0), M(Lp) = bending moment in plated beam at x=0 and x=Lp under original 
loading ignoring the effects of plate end loading (Case-2); 
M1(0),M1(Lp) = bending moment in beam at x=0 and x=Lp in Case-3 loading; 
MT(x) = total applied bending moment at any section of the plated beam; 
N = axial force in the adherends; 
N(x) = resultant axial force resisted by any section of the adherends; 
Qe(x,y) = first moment of area of equivalent adhesive or plate section about 
the centroidal axis of the composite beam section; 
Qi(x,y) = first moment of area of adherend’s section about its centroidal axis;   
Ra, Rb, Rab  = axial stiffness and bending stiffness ratio of plate to beam 
respectively; 
Rab  = ratio between axial stiffness of plate and bending stiffness of beam;  
Rma, Rm2 = modular ratio of adhesive and plate respectively to beam; 
t = thickness of the adhesive or adherends; 
u = longitudinal displacement of the adherends; 
uib(x) = longitudinal displacement of the adherents due to the bending 
moments; 
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uim(x) = longitudinal displacement of the adherents due to the membrane 
forces; 
v = vertical displacement of the adherends; 
V(x) = shear force at any section of adherends; 
VTc(x) = total applied shear force at any section of the composite beam; 
VT = total shear force at any section of the plated beam in Case-3 
loading; 
yc = vertical distance from top of the beam to the centroid of the 
composite beam section; 
yb = vertical distance from top of the beam to its centroid; 
y1, y2 = vertical distance from bottom of the beam and top of the plate to 
their respective centroids respectively; 
pl, pr = subscripts referring respectively to the left and right end of the 
plate; 
1, a, 2 = subscripts referring respectively to the beam, adhesive and plate; 
κi = Timoshenko’s shear coefficient; 
σ(x)
 
= interfacial normal stress at any section of the plated beam; 
σi(x,y) = longitudinal normal stress in the adherends; 
τ(x) = interfacial shear stress at any section of the plated beam; 
τin(x) = shear stress at neutral axis of beam/plate section from beam theory; 
γxy = engineering shear strain at the adhesive layer;  
ε1(x), ε2(x) = longitudinal strain at bottom layer of beam and at top layer of plate 
respectively; 
εib(x) = strain induced in adherends due to the bending moments;  
εim(x) = strain induced in adherends due to the axial(membrane) forces; and 
mc(y); r1-r7;  
λn, α, λ, m1,  
r8-r9; β1, β2, 
n2; δ; η1-η5, 
n3-n9; VTm, 
n2m; n10-n11; 
and n12 -n13 
= parameters defined respectively in Eqs 3.16; 3.54b-d; 3.55b-g; 
3.62b-d; 3.63; 3.66a-e; 3.82b-c; 3.95a; and 3.103a. 
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Rigorous Closed-Form Solution for Interfacial Stresses  
 
 
Abstract 
 
A significant increase in strength and performance of reinforced concrete (RC), timber 
and metallic beams may be achieved by adhesively bonding a fibre reinforced polymer 
(FRP) composite, or metallic such as steel plate to the tension face of a beam. One of 
the major failure modes in these plated beams is the debonding of the plate from the 
original beam in a brittle manner well before the flexural capacity of the plated beam is 
reached. This is commonly attributed to the interfacial shear and normal stresses 
between the adherends whose quantification has led to the development of many 
analytical solutions over the last two decades. The adherends are subjected to axial, 
bending and shear deformations under external loading in such plated beams. However, 
most analytical solutions have neglected the effect of the shear deformation of the 
adherends. For the few solutions which consider this effect in an approximate manner, 
they are limited to one or two specific loading conditions. This chapter presents a more 
rigorous analytical solution for predicting the interfacial stresses in plated beams under 
an arbitrary loading with the shear deformation of the adherends duly considered in 
closed form using Timoshenko’s beam theory. The solution is general to arbitrary 
prismatic beam cross section linear elastic beams bonded with any thickness plate either 
symmetrically or asymmetrically to the beam and arbitrary loading.  
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4.1 Introduction 
 
Reinforced concrete (RC), metallic or timber beams may be strengthened by adhesively 
bonding a fibre reinforced polymer (FRP) composite, steel or other metal soffit plate 
(Figure 4.1). Such a strengthened beam is commonly termed as a plated beam. This 
strengthening technique, especially the FRP strengthening technique, has become 
widely accepted in structural engineering for retrofitting and rehabilitation of existing 
structures.  Under external loading, forces transfer between beam and plate, generating 
interfacial shear and normal stresses in the adhesive layer between the adherends. Their 
concentration is highest at the plate ends due to the presence of geometric discontinuity 
and their combination is believed to be responsible for the common brittle debonding 
failure well before the full flexural strength of the plated beam is reached. 
 
 
 
Figure 4.1. Plated beam 
 
Consequently, the interfacial stresses between the plate and the original beam have 
attracted a great interest in the last two decades and many analytical solutions such as 
Vilnay (1988), Roberts (1989), Roberts and Haji-Kazemi (1989), Liu and Zhu (1994), 
Taljsten (1997), Malek et al. (1998), Rabinovich and Frostig (2000), Smith and Teng 
(2001), Shen et al. (2001), Deng et al. (2004), Yang et al. (2004, 2009), Stratford and 
Cadei (2006), De Lorenzis (2006), Abdelouahed (2006), Yang and Wu (2007),  
Narayanamurthy et al. (2010) and Zhang and Teng (2010a) have been developed to 
quantify them. All but a few (Rabinovich and Frostig, 2000; Shen et al., 2001; Yang et 
al., 2004, 2009) of these solutions assume invariant stresses through the thickness of the 
adhesive layer. Among them, Smith and Teng (2001) is simple, accurate and most 
popular. All solutions are applicable only for one or a few specific loading conditions 
except Narayanamurthy et al. (2010) and Zhang and Teng (2010a) which are applicable 
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for any loading arrangements and are simpler than and retain the accuracy of Smith and 
Teng (2001). 
 
To the best knowledge of the author, only three solutions (Abdelouahed, 2006; Yang 
and Wu, (2007); and Narayanamurthy et al., 2009) included the effect of shear 
deformation of the adherends. Abdelouahed (2006) (applicable for UDL and single 
point loads) and Yang and Wu (2007) (applicable for UDL) included the shear 
deformation effect approximately only in the solution of interfacial shear stress. Their 
solutions suggest that the effect of shear deformation is more predominant on interfacial 
shear stress and negligible on interfacial normal stress but this is not necessarily correct 
in light of the present solution and finite element predictions. Narayanamurthy et al. 
(2009) (applicable for all loading arrangements) included the effect of shear 
deformation approximately on the interfacial shear stress and using Timoshenko’s beam 
theory in deriving the interfacial normal stress. This is the first closed-form solution that 
includes the effects of adherend’s shear deformation on both interfacial shear and 
normal stresses. Although the formulation for interfacial normal stress is accurate, its 
accuracy is compromised due to the approximation involved in interfacial shear stress. 
These three solutions adopted different approximate methods to overcome mathematical 
difficulties in arriving at the general solutions. The actual effect of adherend’s shear 
deformation is not yet clearly understood.  
 
The solution presented in this chapter is based on the principle of superposition and 
includes the simultaneous effect of axial, bending and shear deformation of the 
adherends on both interfacial shear and normal stresses in closed-form using 
Timoshenko’s beam theory. The coupled governing differential equations of interfacial 
shear and normal stresses are solved and the general solutions are obtained by 
employing the appropriate conditions of plated beam. The solution is also general in 
nature, applicable to any linear elastic plated beams, with any prismatic beam cross 
sections, plate bonded symmetrically or asymmetrically over the span of the beam, and 
under any loading arrangements. The solution is compared with previous analytical 
solutions as well as finite element predictions for an example plated beam. 
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4.2 Assumptions 
 
The following assumptions are employed in deriving the rigorous solution in this 
chapter:  
a) the beam, adhesive and plate are linear elastic; 
b) the shear and normal stresses through the thickness of the adhesive layer are 
constant although the shear stress variation is captured within the capability of 
the composite beam theory; 
c) the curvature of the beam and the plate are the same when deriving the 
interfacial shear stress. This assumption is not used when deriving the interfacial 
normal stress;  
d) there is no slip or separation between the beam and the adhesive and between the 
adhesive and the plate; and  
e) the original beam and the plate are treated as two Timoshenko beams.  
 
 
4.3 Methodology 
 
Consider a simply supported beam symmetrically or asymmetrically strengthened with 
a soffit plate as in Figure 4.1. The plated beam under an arbitrary loading as shown in 
Case-1 (Figure 4.2) is decomposed into Case-2 and Case-3. Case-2 includes all the 
external loading in addition to an axial force, shear force and a bending moment at each 
end of the plate. The magnitude of these axial forces, shear forces and moments are 
determined from the deformation of the un-plated beam so that both ends of the plate 
deform compatibly with the un-plated beam under the external loading and the case can 
be analysed using the classical composite beam theory. Case-3 is the plated beam under 
the same but opposite plate end loading as in Case-2. The combined solution from 
Cases 2 and 3 gives the solution for the original problem in Case-1. 
 
Let the axial and bending stiffness ratios of the plate to the beam be Ra and Rb 
respectively
 
and the ratio between the axial stiffness of the plate and the bending 
stiffness of the beam be Rab which are given as  
11
22
AE
AE
Ra = ;   
11
22
IE
IE
Rb = ;   
11
22
IE
AE
Rab =                       (4.1) 
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Figure 4.2. Principle of superposition in interfacial stress analysis of plated beam 
 
The axial force N, shear force V and bending moment M at the plate ends for the 
composite beam in Case-2 (Figure 4.2) are given as: 
aabapl NRRytyMN +++= ))(0( 21                     (4.2) 
aabappr NRRytyLMN +++= ))(( 21                      (4.3) 
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bpl RMM )0(=                       (4.6) 
bppr RLMM )(=                       (4.7) 
 
where subscripts pl and pr refer respectively to the left and right plate ends; subscripts 
1, a and 2 respectively refer to the original beam (adherend-1), adhesive and plate 
(adherend-2); M(0), M(Lp), V(0) and V(Lp) denote the bending moments and shear 
forces at x=0 and x=Lp respectively on the beam under only the original loading; E, A, I, 
Ie, b and t refer to the elastic modulus, cross sectional area, second moment of area 
about the centroid of the concerned adherend, equivalent second moment of area of the 
composite beam section, breadth and thickness respectively; and 1y and 2y  are the 
distances from the bottom of the adherend-1 (the original beam) and the top of the 
adherend-2 (the plate) to their respective centroids and yc be the distance of the centroid 
of the composite beam section from the top surface. 
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4.4 Solution for the Composite Beam (Case-2) 
 
As noted earlier the interfacial stresses in Case-2 can be obtained using the classical 
composite beam analysis. The equivalent second moment of area of the composite beam 
section is given by 
cacce IIII 21 ++=                       (4.8) 
where I1c, Iac and I2c are the equivalent second moment of area of the original beam, 
adhesive and plate sections respectively about the centroid of the composite beam 
section: 
[ ]211111 )( ytyAII cc −−+=           (4.9) 
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in which yc and the modular ratios Rma and Rm2 are given by  
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Considering a point in the adhesive layer with distance y from the beam to adhesive 
interface (so y ranges from 0 to ta within the adhesive), the first moment of area of the 
equivalent plate and adhesive section below the considered position about the centroid 
of the composite beam section is given by 
[ ] [ ]caamacame yyttytbRyytttbRyQ −++−+−++= )(5.0)()( 1221222             (4.14) 
 
The shear stress at the considered position within the adhesive layer is thus 
)()(),( xVymyx Tcc=τ                                                  (4.15) 
where VTc(x) is the total shear force on the composite beam section at a distance x from 
the left plate end due to all the loading in Case-2 and  
2
)()(
bI
yQ
ym
e
e
c =                     (4.16) 
The interfacial normal stress from this theory is zero: 0)( ≈xσ .   
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4.5 Governing Differential Equations for Case-3  
 
The governing differential equations for the interfacial shear and normal stresses 
between the adherends for the plated beam shown in Case-3 (Figure 4.2) are derived in 
this section. 
  
4.5.1 Interfacial shear stress  
 
The moment in the beam and the plate can be related assuming curvature compatibility 
between them: 
)()( 21 xMxMRb =          (4.17) 
 
 
 
Figure  4.3. Differential segment of a plated beam 
 
Longitudinal equilibrium of a differential segment of the plated beam as shown in 
Figure 4.3 gives 
dx
xdN
xb
dx
xdN )()()( 221 ==− τ         (4.18) 
where )(xτ is the interfacial shear stress between the adherends. 
 
Eq. 4.18 and axial equilibrium of the left part of the structure gives  
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21 τ                                                       (4.19)      
The total shear force VT(x) and total applied moment MT(x) at any section of the plated 
beam as obtained from plate end loadings in Figure 4.2 are 
[ ] TaprplprplprplT VytNNaVVMMLxV =+−++−−= ))(()(
1)( 2    (4.20) 
)()()()( 12 cpraplplTplT ytNytNMxaVaVxM −−+−−++= ;  pLx ≤≤0  (4.21) 
 
MT(x) can also be expressed as a function of the adherend moments, interfacial shear 
stress and plate end axial forces and using Eq. 4.19 as 
)())()(()()()( 1121
0
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T +−+++−++= ∫τ  (4.22) 
From Eqs 4.17 and 4.22 the bending moment in each adherend can be found as  
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where subscript i = 1, 2 refer respectively to adherend-1 and adherend-2. 
 
The first derivative of Eq. 4.23 relates the bending moment in each adherend to the total 
shear force: 
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The longitudinal strain at the bottom of adherend-1 ε1(x) and at the top of adherend-2 
ε2(x) are  
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where κ is the Timoshenko’s shear coefficient (κ = 5/6 for rectangular sections; 5/12 for 
hollow thin walled square sections, etc,), G is the transverse shear modulus of the 
adherends and σ(x) is the interfacial normal stress. 
 
Based on the theory of elasticity, the shear stress in the adhesive layer can be found 
from  
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where Ga is the shear modulus of adhesive and u(x,y) and v(x,y) are the horizontal and 
vertical displacement in the adhesive layer. 
The first derivative of Eq. 26 with respect to x (w.r.t.x) is  
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




+= 2
22 ),(),()(
dx
yxvd
dxdy
yxudG
dx
xd
a
τ
       (4.27) 
Applying the moment-curvature relation for a differential segment of the plated beam 
yields 
)(1),(
1
2
2
xM
IEdx
yxvd
T
e
−=         (4.28) 
The shear stress is assumed to be uniform through the thickness of the adhesive layer in 
Case-3. Hence, u(x,y) varies linearly across at  giving 
[ ])()(1),( 12 xuxutdy
yxdu
a
−=         (4.29) 
The first derivative of this equation w.r.t.x is 




−=
dx
xdu
dx
xdu
tdxdy
yxud
a
)()(1),( 122
       (4.30) 
Substituting Eqs 4.28 and 4.30 into Eq. 4.27 gives 
)()()()(
1
12 xM
IE
G
dx
xdu
dx
xdu
t
G
dx
xd
T
e
a
a
a
−



−=
τ
      (4.31) 
Substituting Eqs 4.22 and 4.25 into Eq. 4.31 yields 
[ ] )()()()()()( 124132211
1
xxNrxNrxMrxMr
E
G
dx
xd a σατ −+−−−=    (4.32) 
where 
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1
1
1
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ema IIRt
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)(1 11
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3
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−=        (4.32c) 
e
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ma I
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ARt
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)(1 21
22
4
−++
−=       (4.32d) 
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−=
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1 κκ
α
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y
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y
t
bG
a
a
      (4.32e) 
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Differentiating Eq. 4.32 once w.r.t.x and substituting Eqs 4.18 and 4.24 into the 
resulting expression results in the governing differential equation for the interfacial 
shear stress: 
0)()()()( 12122
2
=++−
dx
xd
xVmx
dx
xd
T
σ
αλτλτ       (4.33) 
where 
( )( )
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21
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1
)(λ       (4.33b) 
 
4.5.2 Interfacial normal stress  
 
The interfacial normal stress exists between the adherends due to the existence of 
differential vertical displacement between them when the beam is loaded. Let the 
vertical displacements of adherends 1 and 2 be respectively v1(x) and v2(x), the 
interfacial normal stress σ(x) can be found from 
)]()([)( 12 xvxvt
E
x
a
a
−=σ         (4.34) 
The moment-curvature relation, moment and vertical equilibrium of the differential 
segment of adherends 1 and 2 (Figure 4.3) give the following relationships: 
)()1()(1)( 22
2
x
AG
b
xM
IEdx
xvd
iii
i
i
ii
i σ
κ
−+−= ;  i = 1, 2              (4.35) 
)()()( 2 xybxVdx
xdM
ii
i τ−= ;  i = 1, 2                            (4.36) 
)()1()( 2 xbdx
xdV ii σ−= ; i = 1, 2      (4.37) 
 
Differentiating Eq. 4.35 once w.r.t.x and substituting Eq. 4.36 into the resulting equation 
gives, 
( )
dx
xd
AG
b
xybxV
IEdx
xvd
iii
i
ii
ii
i )()1()()(1)( 223
3 σ
κ
τ −+−−= ; i = 1, 2  (4.38) 
Differentiating Eq. 4.38 once w.r.t.x and substituting Eq. 4.37 into the resulting equation 
gives, 
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dx
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IE
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IE
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i
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i
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ii )()()1()()1()( 22
2
221
4
4 τσ
κ
σ +−+−= + ; i = 1, 2 (4.39) 
Differentiating Eq. 4.34 four times w.r.t.x and substituting Eq. 4.39 into the resulting 
equation yields the following governing differential equation for the interfacial normal 
stress: 
0)()()()( 222
2
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4
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dx
xd
nx
dx
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dx
xd τ
σβσβσ      (4.40) 
where 
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In Eq. 4.40, β1 arose from Timoshenko’s beam theory and reflects the effect of shear 
deformation. If β1= 0 it reduces to the governing equation for interfacial normal stress 
without considering shear deformation as in Narayanamurthy et al. (2010). 
 
4.5.3 Uncoupling of governing differential equations 
 
The governing differential equations for the interfacial shear and normal stresses [Eqs 
4.33 and 4.40] are coupled and hence a general solution is not easily found. This 
coupling arises due to the introduction of the shear deformation effect in the adherends. 
To circumvent this difficulty, most previous researchers have neglected the shear 
deformation either from the beginning or at a late stage from the governing differential 
equations. A few others resorted to approximate methods or numerical techniques. A 
simple procedure is adopted here in uncoupling the governing equations which makes it 
possible to obtain closed-form solutions for the interfacial stresses. 
 
Integrating Eq. 4.33 w.r.t.x gives,  






−+−= ∫∫ dxxVmdxxdx
xdCx T )()(
)(1)( 212
1
λτλτ
α
σ     (4.41) 
where C is the constant of integration and vanishes in the subsequent operations. 
Chapter 4: Rigorous Closed-Form Solution for Interfacial Stresses  
 
 79 
Substituting the second and forth derivative of σ(x) from Eq. 4.41 into Eq. 4.40 and 
differentiating the resulting expression once w.r.t.x yields an uncoupled GDE for the 
interfacial shear stress as 
0)()()()()( 542
2
34
4
26
6
=+−+− xVx
dx
xd
dx
xd
dx
xd
Tατα
τ
α
τ
α
τ
    (4.42) 
where 
2
12 λβα +=          (4.42a) 
122
2
13 αβλβα n−+=         (4.42b) 
2
24 λβα =                     (4.42c) 
2
125 λβα m=                    (4.42d) 
 
 
4.6 Boundary Conditions in Case-3 
 
The boundary conditions available in Case-3 are: 
)0()])(()[()( 12101 Mtyya
LNNMMaVVaL
L
a
xM aprplprplprplx =++−+−+−−==     
(4.43a) 
plx MxM −==02 )(                                               (4.43b) 
prplx NNxN −==01 )(                                                                                   (4.43c) 
plx NxN −==02 )(                                                   (4.43d) 
0201 )()( == −+= xaplTx xtbVVxV τ                             (4.43e) 
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4.7 General Solution for Interfacial Shear Stress for Case- 3 
 
The governing equation for the interfacial shear stress given in Eq. 4.42 is a sixth order 
non-homogeneous ordinary differential equation and can be solved in closed-form. Its 
general solution can have the following two forms depending on the value of parameter 
∆ which depends on the material and geometric properties of the adherends and 
adhesive: 
2
7
3
6 αα +=∆                    (4.44) 
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211
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ψψψ
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T
xxxxxx VeBeBeBeBeBeBx 17121110987 665544)( ατ ψψψψψψ ++++++= −−−  for 0<∆  (4.46) 
where B1 to B12 are the constants of integration which can be determined from 
appropriate boundary conditions in Eq. 4.43. The expressions for α6, α7, ψ1 to ψ6 and 
other terms are given in Appendix A. 
  
4.7.1 Determination of constants B1 to B12 
 
The first three derivatives of Eq. 4.45 w.r.t.x are: 
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Differentiating Eq. 4.32 w.r.t.x and substituting Eqs 4.17, 4.18 and 4.24 into the 
resulting equation gives 
[ ]
dx
xd
xbmVm
E
G
dx
xd
T
a )()()( 1232
1
2
2 σ
ατ
τ
−+−=       (4.50) 
Differentiating Eq. 4.50 w.r.t.x gives 
2
2
123
1
3
3 )()()(
dx
xd
dx
xdbm
E
G
dx
xd a σαττ −=       (4.51) 
Applying Eqs 4.43a-4.43d and Eqs 4.43g-4.43j respectively to Eq. 4.32 provide 
[ ] )0()()0()( 1343211
10
σα
τ
−++−+−=
=
prplpl
a
x
NrNrrMrMr
E
G
dx
xd
   (4.52) 
[ ] )()()( 14211
1
pprplp
a
Lx
LNrMrLMr
E
G
dx
xd
p
σα
τ
−−+−=
=
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Setting x=0 and x= Lp respectively in Eq. 4.47 and equating the results with Eqs 4.52 
and 4.53 respectively yield 
1643532211 )()()( cBBBBBB =++−−− ψψψ       (4.54) 
461451341231121019 cBmBmBmBmBmBm =+++−−      (4.55) 
 
Substituting Eq. 4.45 into Eq. 4.50, equating the result with Eq. 4.48 and setting x= 0 
and x= Lp   respectively give 
26432535214 )(2)()( cBBBBmBBm =−−+++ ψψ      (4.56) 
5620519418317216115 cBmBmBmBmBmBm =+++++      (4.57) 
 
Substituting Eq. 4.47 into Eq. 4.51, equating the result with Eq. 4.49 and setting x= 0 
and x= Lp   respectively yield 
3648537216 )()()( cBBmBBmBBm =++−+−      (4.58) 
6626525424323222121 cBmBmBmBmBmBm =−−+−−      (4.59) 
 
Eqs 4.54-4.59 form a system of simultaneous equations as given below from which the 
integration constants B1 to B6 are determined:  
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Adopting a similar procedure for Eq. 4.46 in consideration with Eqs 4.50-4.53 provides 
the following system of simultaneous equations from which the constants B7 to B12 can 
be
 
determined: 
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Eqs 4.60 and 4.61 apply for all cases within the whole bond length of the plate. When 
only the interfacial stress near the plate end at x=0 is concerned, the positive 
exponential terms in Eqs 4.45 and 4.46 can be neglected for almost all practical plated 
beams so that B1 = B5 = B6 = B7 = B9 = B11 = 0. This results in a simplified general 
solution from Eqs 4.45-4.46 as given by   
( ) Txx VxBxBeeBx 1534332 )sin()cos()( 21 αψψτ ψψ +++= −−  for 0≥∆                    (4.62a) 
T
xxx VeBeBeBx 1712108 654)( ατ ψψψ +++= −−−    for 0<∆            (4.62b) 
 
This reduced solution can also be used to obtain the interfacial shear stress at the other 
plate end (x = L) by changing the horizontal coordinate so that it originates from that 
end. The coefficients in Eq. 4.62 can be obtained from the first three rows in Eqs 4.60 
and 4.61 as 
)(1 34837
6
2 cBmBm
m
B −+=        (4.63a) 
)(1 4287
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3 Bmc
m
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The elements of the matrices in Eqs 4.60 and 4.61 and additional parameters in Eq. 4.63 
are given in Appendix A in section 4.12. 
 
 
4.8 General Solution for Interfacial Normal Stress for Case-3 
 
The governing equation for the interfacial normal stress given in Eq. 4.40 is a fourth 
order non homogeneous ordinary differential equation. Its general solution can have the 
following three forms depending on the value of δ which is affected by the material and 
geometric properties of adherends and adhesive: 
2
124 ββδ −=             (4.64) 
[ ] [ ]
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xx
exCCexCCx 55 ][][)( 615165 η
η
σ +++= −  for 0=δ      (4.67) 
where C1 to C6 and C11 to C61 are constants of integration to be determined from 
appropriate boundary conditions listed in Eq. 4.43. The expressions for n3 to n9 and η1 to 
η5 are given in Appendix B. Because σ(x)→0 for large values of x, C11 to C61 = 0 and 
Eqs 4.65-4.67 reduce to 
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4.8.1 Determination of constants C1 to C6 
 
Differentiating Eq. 4.34 twice w.r.t.x, substituting Eq. 4.35 into the resulting expression 
and then applying the boundary condition of Eqs 4.43a-b gives 
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Setting x=0 in Eq. 4.68 and substituting in Eq. 4.71 gives 
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Differentiating Eq. 4.68 twice w.r.t.x and setting x=0 into the resulting equation gives 
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From Eqs 4.72 and 4.73,  
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Differentiating Eq. 4.34 thrice w.r.t.x, substituting Eq. 4.38 into the resulting expression 
and then applying the boundary condition of Eq. 4.43e-f gives 
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Differentiating Eq. 4.68 once w.r.t.x, setting x=0 and substituting the result into Eq. 
4.75 gives 
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Differentiating Eq. 4.68 thrice w.r.t.x and setting x=0 gives 
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From Eqs 4.76 and 4.77, 
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C1 and C2 are obtained from Eqs 4.74 and 4.78 as  
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Adopting a similar procedure individually to determine the coefficients for Eqs 4.69 and 
4.70 in consideration of Eqs 4.71 and 4.75 provides the following expressions for 
constants C3-C6. 
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The expressions for n2m, n3 - n13 are given in Appendix B in section 4.13. 
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4.9 Solution for General Loading (Case-1) 
 
The solutions from Case-2 and 3 are combined to get the solution for the original 
problem in Case-1. The interfacial shear stress is given by the combination of Eqs 4.15 
and 4.45 or 4.46 as: 
[ ] TxxTcc VxBxBeeBxVymyx 1534332 )sin()cos()()(),( 21 αψψτ ψψ ++++= −−  for 0≥∆    
(4.85) 
T
xxx
Tcc VeBeBeBxVymyx 1712108 654)()(),( ατ ψψψ ++++= −−−          for 0<∆             (4.86) 
 
The interfacial normal stress is given by Eq. 4.68 or 4.69 or 4.70 depending on δ in Eq. 
4.64.  
 
 
 
4.10 Comparison of Interfacial Stress Solutions 
 
4.10.1 Example beams, reference solutions and FEA
 
 
A comparison of the predicted interfacial shear and normal stresses from the closed-
form solutions reviewed earlier is conducted in this section. A simply supported RC 
beam of rectangular cross section plated respectively with carbon-fibre-reinforced 
polymer (CFRP) composite and glass-fibre-reinforced polymer (GFRP) composite are 
taken as typical illustrative plated beam examples. The geometric and material 
properties of the example beam listed in Table 4.1 are taken from Smith & Teng (2001). 
Three different loading examples are considered: an UDL of 50 kN/m as in Figure 4.4a, 
a mid-point load of 150 kN as in Figure 4.4b and a complex loading arrangement as in 
Figure 4.4c. 
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(a) Plated RC beam under UDL 
 
 
(b) Plated RC beam under mid-point load 
 
 
 
(c) Plated RC beam under complex load 
Figure 4.4. Loading examples on plated beams 
 
Table 4.1: Geometric and material properties of example plated beams 
 
 
The interfacial shear and normal stresses computed using the present solution, reference 
solutions without shear deformation effect and previous solutions with shear 
deformation effect for the example beams are compared. Due to their accuracy and 
simplicity, the closed-form solutions of Smith & Teng (2001) and Narayanamurthy et 
al. (2010) are used as reference solutions for all solutions that have not considered the 
effect of shear deformation. The present solution is also compared with finite element 
analysis (FEA) results based on Euler-Bernoulli and Timoshenko beam elements and 
with previous three approximate solutions that have considered the effect of shear 
Component Width  
(mm) 
Depth  
(mm) 
Length  
(mm) 
Elastic Modulus 
(GPa) 
Shear Modulus 
(GPa) 
RC beam b1 = 200 t1 = 300 L1 = 3000 E1 = 30  G1 = 12.82 
Adhesive layer  ba = 200 ta = 2 La = 2400 Ea = 2 Ga = 0.74 
GFRP plate  b2 = 200 t2 = 4 L2 = 2400 E2 = 50  G2 = 3.50 
CFRP plate  b2 = 200 t2 = 4 L2 = 2400 E2 = 100  G2 = 4.24 
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deformation in adherends (Abdelouahed, 2006; Yang and Wu, 2007 and 
Narayanamurthy et al., 2009) for the UDL loading.  
 
The FEA was carried out for the example plated beams under UDL in ANSYS 10.0 
(2005). The plated beam was modelled as a beam-spring-beam (B-S-B) model as in 
Zhang and Teng (2010b). The beam and plate were modelled as beam elements using 
BEAM44, a uniaxial beam element which can function either as an Euler-Bernoulli or 
Timoshenko beam. The adhesive was modelled using COMBIN39, a non-linear 
unidirectional spring element which can be made to act as either a normal or shear 
elastic spring. Both normal and shear springs were used to model the adhesive and their 
stiffness represent that of the adhesive layer. This implies that interfacial shear and 
normal stresses are constant through the thickness of the adhesive layer. This B-S-B 
model reflects the assumptions employed in the reference and present solutions. The 
beam elements were located along the lower edge of the beam and the upper edge of the 
plate by appropriately offsetting the reference nodes in beam elements so that they can 
be connected directly by spring elements. An element size of 1mm was used in the 
model as recommended in Zhang and Teng (2010b) based on a convergence study. The 
interfacial stresses are converted from the discrete elastic spring forces by dividing the 
effective width (area) represented by the springs. This effective width equals the centre 
to centre spacing of two adjacent elements on the two sides of the spring for all springs 
except for the edge spring for which the effective width equals half width of the edge 
element. 
 
4.10.2 Example beam under UDL
 
 
The peak interfacial stresses from various closed-form solutions considered here and 
from FEA for both CFRP and GFRP plated beams under UDL are provided in Table 
4.2, while the distributions of the interfacial stresses near the plate end for the CFRP 
plated beam under UDL are shown in Figures 4.5a-d. The peak interfacial shear stresses 
from the present and the reference solutions are very slightly higher than those from 
FEA with and without shear deformation. Their differences reduce gradually away from 
the plate end and the predictions of all solutions are almost exactly the same 20 mm 
away from the plate end. The peak interfacial shear stress from the present solution 
(which includes the effect of shear deformation) is about 2.4% smaller than that from 
the reference solutions (which do not include the effect of shear deformation) for both 
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example beams (Figure 4.5a and Table 4.2). Similarly the results from FEA with shear 
deformation are smaller than those from without shear deformation by about 2.2% and 
2.7% respectively for the CFRP and GFRP plated beams (Figure 4.5a and Table 4.2). It 
is seen from Figure 4.5a that the interfacial shear stress is not affected by the shear 
deformation of the adherends in any significant way. 
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(a) Interfacial shear stress: present, FEA and reference solutions with no shear effect 
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(b) Interfacial shear stress: present, FEA and previous solutions with shear effect 
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(c) Interfacial normal stress: present, FEA and reference solutions with no shear effect 
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(d) Interfacial normal stress: present, FEA and previous solutions with shear effect 
 
Figure 4.5 Comparison of present, FEA and previous solutions for interfacial stresses in 
a CFRP plated RC beam subjected to an UDL 
 
All the three previous approximate solutions that considered the effect of shear 
deformation predict a reduction in the peak interfacial shear stress compared with the 
reference solution (Figure 4.5b and Table 4.2), but the two solutions that adopt 
approximate shear stress distribution in the adherends in considering the effect of shear 
deformation on interfacial shear stress (Abdelouahed, 2006 and Narayanamurthy et al., 
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2009) predict huge reduction of the peak interfacial shear stress which does not conform 
to the present solution and FEA with shear deformation. 
 
The interfacial normal stress predicted by the present solution is in very close agreement 
with the FEA prediction with shear deformation (Figure 4.5c). The two reference 
solutions are also in very close agreement with the FEA prediction without shear 
deformation, except a slightly lower peak value for the latter (Figure 4.5c). The shear 
deformation in the adherends increases the peak interfacial normal stress. The present 
solution predicts 11.1% and 3.9% higher than the reference solutions respectively for 
the CFRP and GFRP plated beams. Among the FEA results, FEA with shear 
deformation predicted 20.9% and 13.7% higher than FEA without shear deformation 
respectively for the two beams. 
 
Among the three previous approximate solutions that considered the effect of shear 
deformation, Abdelouahed (2006) does not explicitly include the effect of adherends 
shear deformation on the interfacial normal stress term but its prediction does deviate 
slightly from the FEA without shear deformation because of the influence of its peak 
shear stress. Yang and Wu’s (2007) prediction is almost the same as the FEA without 
shear deformation (and the reference solutions). Narayanamurthy et al.’s (2009) 
prediction is in good agreement with the FEA with shear deformation except within 
about 2-3mm from the plate end within which the prediction is lower than the latter. 
 
 
Table 4.2: Peak interfacial stresses in plated RC beams under UDL (Fig. 4a), MPa 
 
Theory GFRP plated CFRP plated 
 τ(x) σ(x) τ(x) σ(x) 
Roberts & Haji-Kazemi (Solution-1) (1989) 2.001 1.425 2.776 1.668 
Roberts & Haji-Kazemi (Solution-2) (1989) 1.813 1.256 2.591 1.500 
Roberts (1989) 1.945 1.386 2.604 1.567 
Malek et al. (1998) 1.943 1.384 2.597 1.563 
Smith & Teng (2001) 1.975 1.244 2.740 1.484 
Narayanamurthy et al.  (2010) 2.002 1.249 2.778 1.495 
FEA- no shear deformation 1.867 1.185 2.638 1.437 
Yang & Wu (2007) 1.955 1.227 2.684 1.472 
Abdelouahed (2006) 1.042 1.366 1.475 1.606 
Narayanamurthy et al.  (2009) 1.298 1.184 1.834 1.518 
Present 1.955 1.299 2.712 1.660 
FEA- with shear deformation 1.818 1.347 2.580 1.738 
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Figures 4.6 and 4.7 illustrate the effect of shear deformation on the peak interfacial 
stresses for various elastic modulus of adhesive and plate thickness for the CFRP plated 
reference beam under UDL.  The vertical coordinate represents the difference between 
the present solution and the reference solution of Narayanamurthy et al.’s (2010) with 
respect to the reference solution in percentage, so a positive number means an increase 
of the peak interfacial stress. Within the range of the parameters shown, the effect of the 
shear deformation is insignificant on the peak interfacial shear stress but it is significant 
and detrimental on the peak interfacial normal stress. The effect on the peak interfacial 
normal stress generally increases with a reduction of the elastic modulus of the adhesive 
and an increase of the plate thickness. 
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Figure 4.6. Effect of adherends shear deformation on peak interfacial stresses for 
various elastic modulus of adhesive 
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Figure 4.7. Effect of adherends shear deformation on peak interfacial stresses for 
various plate thicknesses 
 
 
4.10.3 Example beam under other loading
 
 
The general conclusions drawn above on the effect of shear deformation also apply for 
the CFRP and GFRP plated beams under a mid point load (Figure 4.4b) and a complex 
loading arrangement (Figure 4.4c), with small variations in value. Taking 
Narayanamurthy et al.’s (2010) solution as the reference, the present solution predicts 
2.7% and 2.6% lower peak shear stress and 4.6% and 2.8% higher peak normal stress 
respectively for the two loading arrangements for the GFRP plated beam. Similarly, the 
present prediction for the CFRP plated beam is lower by 2.5% in peak interfacial shear 
stress for both loading arrangements and is higher by 12% and 10% respectively in peak 
normal stresses (Figures 4.8-4.9 and Tables 4.3-4.4). This shows that this decrease in 
percentage between the present and reference solution is almost the same for the peak 
interfacial shear stress in both CFRP and GFRP plated beams in all the loading 
arrangements. The differences are also very close to those found between the two FEA 
predictions with and without shear deformation. The increase in percentage in the peak 
normal stress is much higher for the CFRP plated beam compared to the GFRP plated 
beam due to their differences in flexural stiffness.  
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(a) Interfacial shear stress 
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(b) Interfacial normal stress 
 
Figure 4.8. Comparison present and reference solutions for interfacial stresses in GFRP 
and CFRP plated RC beam subjected to a mid point load 
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(a) Interfacial shear stress 
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(b) Interfacial normal stress 
 
Figure 4.9. Comparison of present and reference solutions for interfacial stresses in 
GFRP and CFRP plated RC beam subjected to a complex loading arrangement 
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Table 4.3: Peak interfacial stresses in plated RC beams under mid-point load  
(Figure 4.4b), MPa 
 
Theory GFRP plated CFRP plated 
 τ(x) σ(x) τ(x) σ(x) 
Vilnay (1988) 2.240 1.381 3.152 1.669 
Roberts (1989) 2.179 1.553 2.925 1.761 
Taljsten (1997) 2.215 1.397 3.087 1.674 
Malek et al. (1998) 2.179 1.553 2.925 1.761 
Smith & Teng (2001) 2.214 1.396 3.083 1.671 
Narayanamurthy et al. (2010) 2.242 1.400 3.119 1.679 
Present 2.182 1.465 3.041 1.885 
 
 
 
 
Table 4.4: Peak interfacial stresses in plated RC beams under complex loading  
(Figure 4.4c), MPa 
 
Theory GFRP plated CFRP plated 
 τ(x) σ(x) τ(x) σ(x) 
Narayanamurthy et al. (2010) 8.977 5.599 12.070 6.493 
Present 8.748 5.758 11.770 7.140 
 
 
 
4.11 Conclusions  
 
Concentration of interfacial stresses at the plate end is attributed to premature plate end 
debonding failures observed in plated beams. It is important to quantify these interfacial 
stresses correctly considering all deformations in adherends for the safe design of plated 
beams, but most previous solutions neglect the effect of shear deformations in 
adherends due to the complexity in the formulation. This chapter is concerned with the 
development of a first closed-form rigorous theoretical solution that includes the effect 
of axial, bending and shear deformations in adherends simultaneously to quantify these 
interfacial shear and normal stresses in plated beams. The solution has been developed 
by treating the plate and beam as two Timoshenko beams, and it is applicable for beams 
with any prismatic cross section bonded symmetrically or asymmetrically with a plate 
and under any loading arrangement. A comparison shows that the solution is in close 
agreement in both the interfacial shear and normal stress with finite element predictions. 
This study has shown that the effect of the shear deformation of the adherends is 
insignificant for the interfacial shear stress, but significant for the interfacial normal 
stress. 
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4.12 Appendix A. Terms Used in Solution of Interfacial Shear Stress 
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4.14 Notation 
 
The following symbols are used in this chapter: 
A = cross sectional area of the adhesive or adherends; 
b = width of the adhesive or adherends; 
E = modulus of elasticity of the adhesive or adherends; 
G = shear modulus of the adhesive; 
I = second moment of area of the adhesive or adherends about their 
centroidal axis; 
I1c, Iac, I2c
 
 
= second moment of area of beam, adhesive and plate section about 
the centroidal axis of the composite beam section respectively; 
Ie =  second moment of area of the equivalent composite beam section 
about its centroidal axis; 
L = length of the adhesive or adherends; 
Lp = length of the plate; 
M = bending moment in the adherends; 
M(0), M(Lp) = bending moment in plated beam at x=0 and x=Lp under original 
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loading ignoring the effects of plate end loading (Case-2); 
M1(0),M1(Lp) = bending moment in beam at x=0 and x=Lp in Case-3 loading; 
MT(x) = total applied bending moment at any section of the plated beam; 
N = axial force in the adherends; 
N(x) = resultant axial force resisted by any section of the adherends; 
Qe(x,y) = first moment of area of equivalent adhesive or plate section about 
the centroidal axis of the composite beam section; 
t = thickness of the adhesive or adherends; 
u = longitudinal displacement of the adherends; 
v = vertical displacement of the adherends; 
V(x) = shear force at any section of adherends; 
VTc(x) = total applied shear force at any section of the composite beam; 
VT = total shear force at any section of the plated beam in Case-3 
loading; 
yc = vertical distance from top of the beam to the centroid of the 
composite beam section; 
y1, y2 = vertical distance from bottom of the beam and top of the plate to 
their respective centroids respectively; 
pl, pr = subscripts referring respectively to the left and right end of the 
plate; 
1, a, 2 = subscripts referring respectively to the beam, adhesive and plate; 
κi = Timoshenko’s shear coefficient; 
σ(x)
 
= interfacial normal stress at any section of the plated beam; 
τ(x) = interfacial shear stress at any section of the plated beam; 
γxy = engineering shear strain at the adhesive layer;  
ε1(x), ε2(x) = longitudinal strain at bottom layer of beam and at top layer of plate 
respectively; 
ψ1 - ψ6   = roots for the governing differential equation of τ(x) in Case-3 
loading; 
η1 - η5   = roots for the governing differential equation of σ (x) in Case-3 
loading; 
B1 - B12 = integration constants in general solution of τ(x) in Case-3 loading; 
and 
C1 - C6  = integration constants in general solution of σ (x) in Case-3 loading. 
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Chapter 5 
 
 
Interpretation of Interfacial Stresses from Experiments  
– A New Technique  
 
 
Abstract 
 
External bonding of fibre reinforced polymer (FRP) composite or steel plate is a popular 
technique for strengthening reinforced concrete or metallic beams. Debonding along the 
plate-beam interface due to high interfacial shear and normal stresses can lead to 
premature failure of this hybrid beam. Many analytical, numerical and experimental 
studies have been conducted during the last two decades to quantify these interfacial 
stresses. In almost all experimental studies, the strains measured on the bottom face of 
the plate are used to deduce the interfacial shear stresses near the plate end assuming 
that the plate is under pure tension. The peeling effect at the plate ends due to the 
flexural deformation of plate in such interpretation is ignored, resulting in errors in the 
interpreted interfacial shear stress and no interfacial normal stress.  
 
This chapter presents a new technique to deduce the interfacial shear and normal 
stresses from the experimentally measured plate strains. The deduced interfacial stresses 
are compared with the traditional interpretation. The proposed technique is applicable 
for all the loading arrangements with any beam cross sections and offers high accuracy 
in the deduction of interfacial stresses. Additionally, the total plate strains from the 
interfacial stress solution of Narayanamurthy et al. (2010) and simple beam theory are 
compared with the experimental results; and the effect of plate thickness on the total, 
axial and bending strains in the plate and on the interfacial shear and normal stresses are 
studied and discussed in this chapter. 
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5.1 Introduction 
 
The strength of a reinforced concrete (RC) or metal beam may be enhanced by bonding 
a fibre-reinforced polymer (FRP) composite or steel plate to its tension face. This 
method is now popularly adopted for the retrofitting of existing structures. Under 
external loading, stress transfer occurs between the bonded plate and the original beam 
leading to the development of high interfacial shear and normal stresses between the 
adherends at the plate end that may in turn cause a premature debonding failure along 
the plate-beam interface. Consequently, the interfacial stresses between the plate and the 
original beam have attracted a great interest in the last few decades. Thus many 
theoretical (as discussed in detail in Narayanamurthy et al., 2010, 2011) and 
experimental studies (Jones et al., 1988; Saadatmanesh and Ehsani, 1991; Spadea et al., 
1998; Etman and Beeby, 2000; Rahimi and Hutchinson, 2001; Mukhopadhyaya and 
Swamy, 2001; Smith and Teng, 2002a, b; Brena and Macri, 2004; Pham and Mahaidi, 
2006; and many more) have been conducted to quantify these interfacial stresses.  
 
In almost all experimental studies to date, strains measured on the bottom face of the 
plate are used to deduce the interfacial shear stresses near the plate end assuming that 
the plate is under pure tension. This is usually carried out by considering horizontal 
equilibrium of the forces generated at the adherends interface due to interfacial shear 
stress and the axial forces calculated at the plate soffit through the measured plate 
strains. The peeling effect between the adherends is ignored to simplify the calculation 
procedure. So, the interfacial normal stresses cannot be calculated and the deduced 
interfacial shear stress from measured plate strains do not take into account the effect of 
interfacial normal stress. This leads to a major approximation or error in the reported 
interfacial shear stress.  The analysis of axial and bending strains in the plate reveals 
that the bending effects are considerable near the plate ends. 
 
In order to correctly deduce the interfacial shear and normal stresses from experiment, a 
new technique is developed in this chapter by extending the analytical approach of 
Narayanamurthy et al. (2010). The plate strains from experiments reported in Jones et 
al. (1988) for a plated beam shown in Figure 5.1 are used in deducing the interfacial 
stresses. These are compared with the traditional interpretation in Jones et al. (1988) and 
with the analytical solution of Narayanamurthy et al. (2010). This method is applicable 
for any loading arrangement with any beam cross section within the linear elastic 
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regime of the constituent materials. It offers high accuracy in the deduction of 
interfacial shear stress; additionally provides interfacial normal stress; and gives the 
freedom to discard one or two strain gauge readings if they are suspected for errors in 
measured strain due to installation or any other problems encountered during 
experiments. 
 
Additionally, the total plate strains from the interfacial stress solution of 
Narayanamurthy et al. (2010) and simple beam theory are compared with the 
experimental results; and the effect of plate thickness on the total, axial and bending 
strains in the plate and on the interfacial shear and normal stresses are studied and 
critically discussed in this paper. 
 
 
5.2 Plated Beam Test Specimen  
 
 
(a) RC beam bonded with one 6mm steel plate 
 
 
(b) RC beam bonded with two 3mm steel plates 
 
Figure 5.1. Steel plated RC beams tested by Jones et al. (1988) 
 
Jones et al. (1988) have conducted experiments on RC beams strengthened with 
different bonded plate configurations. The first two configurations shown in Figure 5.1 
are considered as a typical case for the present study and analysis.  The first one is the 
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RC beam plated with one single steel plate (F31 beam in Figure 5.1a) 6mm thick using 
an epoxy adhesive. The second one is the same RC beam plated with two steel plates 
each of 3mm thick bonded in a stepped configuration (F32 beam in Figure 5.1b). The 
thickness of the adhesive layer is 1.5 mm and is same in both configurations. The 
material and geometric properties of the above plated beam test specimens are given in 
Table 5.1. The measured plate strains and traditionally interpreted interfacial stresses 
from the experiments reported in their paper are used as a typical reference.             
 
Table 5.1: Geometric and material properties of plated beam (Jones et al. 1988) 
 
 
 
5.3 Interfacial stresses from theoretical solution  
 
Narayanamurthy et al.’s (2010) approach of interfacial stress analysis will be deployed 
in the interpretation of interfacial stresses from experiments, and is summarized here for 
ease of reference. This theoretical solution assumes a linear elastic material behaviour 
for the adherends and adhesive, with axial and bending deformations included for both 
the beam and the soffit plate. The adhesive layer is assumed to be subjected to stresses 
invariant across its thickness although part of the shear stress variation is captured 
within the capability of the composite beam theory. Compatibility of adherends 
deformations and the principle of superposition are adopted in the analysis. The solution 
for the original plated beam under external loading (Case-1) is obtained as the 
superposition of the composite beam solution having all the external loadings plus 
additional plate end loads (Case-2) and the plated beam solution subjected to only the 
opposite plate end loads (Case-3). 
 
The general solution for the interfacial shear stress is given by 
[ ] TTcc VmxxBxVymyx 11 )sinh()cosh()()(),( +−+= λλτ                 (5.1) 
where 
2
)()(
bI
yQ
ym
e
e
c =                      (5.2) 
Component 
 
Width 
(mm) 
Depth  
(mm) 
Length 
(mm) 
Elastic Modulus 
(MPa) 
Poisson’s 
ratio 
RC beam b1 = 155 t1 = 225 L  = 2300 E1 = 20 000 υ1 = 0.17 
Adhesive layer  ba = 155 ta = 1.5 La = 2200 Ea = 222 υa = 0.35 
Steel plate  b2 = 155 As shown in Figure 5.1 E2 = 200 000 υ2 = 0.30 
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in which Qe(y) is the first moment of area of the equivalent plate and adhesive section 
below the considered position in the adhesive layer about the centroid of the composite 
beam section; Ie is the equivalent second moment of area of the composite beam 
section; )(xVTc is the total shear force on the composite beam section at a distance of x 
from the plate end due to all the external loading (including the contribution from plate 
end loadings); 1y and 2y  are the distances from the bottom of the adherend-1 (the 
original beam) and the top of the adherend-2 (the plate) to their respective centroids; yc 
is the distance of the centroid of the composite beam section from the top surface; Npl, 
Npr and Mpl, Mpr refer to the axial forces and bending moments at the left and right plate 
ends respectively; M(0) and M(Lp) denote the bending moment at x=0 and x=Lp 
respectively on the beam under the original loading ignoring the plate end loads; N is 
the external axial load acting at the centroidal axis of the beam; G, E, A, I, b and t refer 
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to the shear modulus, elastic modulus, cross sectional area, second moment of area 
about the centroid of the concerned adherend (i.e. beam or plate), breadth and thickness 
respectively; subscripts 1, a and 2 respectively refer to the original beam, adhesive and 
plate; a is the distance between the plate curtailment and the nearest support of the 
beam; Lp is the plate length; L is the span of the  plated beam; Ra is the axial stiffness 
ratio of the plate to the beam; Rb is the bending stiffness ratio of the plate to the beam; 
and Rab is the ratio between the axial stiffness of the plate and the bending stiffness of 
the beam.   
 
The general solution for the interfacial normal stress is given by 
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5.4 A new interpretation of interfacial stresses from experiments 
 
The interfacial stresses cannot be measured directly and can only be interpreted from 
the experimentally measured strains at the soffit of the plate. In order to overcome the 
limitation discussed in the traditional interpretation, a new technique has been 
developed as detailed below where the measured plate strains are expressed in terms of 
the plate end axial forces from which the interfacial stresses can be computed.  
 
Consider only Case-3 of the plated beam subjected only to the plate end loads given in 
Narayanamurthy et al. (2010).  The axial forces and moments in the bonded plate are 
given as 
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The longitudinal strain at the soffit of the plate is:  
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Substituting Eq. 5.22 in to Eq. 5.23 yields 
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Substituting Eqs 5.15 and 5.21 in to Eq. 5.24 provides 
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The bending moments at the plate ends can be re-written from Eqs 5.9-5.12 as: 
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The plate strains can be expressed in terms of the plate end axial forces by substituting 
Eqs 5.36-5.37 in to Eq. 5.31 as  
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Now consider Case-2 of the plated beam subjected to the external loading and plate end 
loads as given in Narayanamurthy et al. (2010).    
 
The longitudinal strain at the soffit of the plate is:  
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where Ie is the equivalent second moment of area of the composite beam section and 
MTc(x) is the total bending moment at any section of the plated beam due to all external 
loading including the contribution from the plate end loadings. MTc(x) depends on the 
type of loading on the plated beam. The loading arrangement considered in this study is 
the four point bending on the steel plated RC beam as shown in Fig.1 for which MTc(x) 
can be written as: 
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where 
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in which l1 and l2 are respectively the distances from the left support to the two 
concentrated loads (P) applied on the plated beam under four point bending 
arrangement. 
 
Substituting Eq. 5.43 in to Eq. 5.42 and applying Eqs 5.36-5.37 in to the resulting 
expression yields 
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Let us now consider the original plated beam subjected to the external loading which is 
mentioned as a Case-1 in Narayanamurthy et al. (2010).  The total longitudinal strain at 
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the soffit of the bonded plate is obtained as the summation of the plate strains given in 
Eqs 5.38 and 5.45 as given below. 
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Thus, the plate strain at a given (measurement) location is expressed in terms of the two 
unknown plate end axial forces (Eq. 5.55). If strain measurements at two locations are 
made, the two plate end axial forces can be obtained by solving the resultant pair of 
simultaneous equations. Once the two plate end axial forces are known, all other 
parameters can be computed and the interfacial shear and normal stresses can be 
obtained from Eqs 5.1 and 5.16 respectively. 
 
In practical experiments, usually more than two strain gauges are used to measure the 
plate strain at different locations along the plate length. This leads to more equations 
than required, but more accurate results can be obtained by making use of all the 
measurements by determining the plate end axial forces using the least squares method. 
This technique gives the possibility to discard even one or two strain gauge readings if 
they are suspected for any errors in measured strain due to mounting, installation or any 
other problems encountered during experiments. 
 
 
5.5 Comparison of interfacial stresses 
 
The experimentally measured plate strains reported in Jones et al. (1988) for the steel 
plated RC beam (plated beam specimens F31 and F32 shown in Figure 5.1) are used for 
the computation of interfacial stresses using the technique detailed in the previous 
section. The deduced interfacial shear and normal stresses are compared (Figures 5.2-
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5.7) with the theoretical solution of Narayanamurthy et al. (2010) and the interfacial 
shear stress is compared with the traditional interpretations by Jones et al. (1988). The 
prediction of interfacial normal stress which could not be obtained directly from plate 
strain measurements in experiments is an added advantage of the new technique  
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(b) Interfacial normal stress 
 
Figure 5.2. Interfacial stresses in F31 beam at 60 kN (nearer to SLS) from present 
method, traditional interpretation and theoretical solution   
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(a) Interfacial shear stress 
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(b) Interfacial normal stress 
 
Figure 5.3. Interfacial stresses in F31 beam at 140 kN (above SLS) from present 
method, traditional interpretation and theoretical solution   
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(a) Interfacial shear stress 
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 (b) Interfacial normal stress 
 
Figure 5.4. Interfacial stresses in F31 beam at 180 kN (close to ULS) from present 
method, traditional interpretation and theoretical solution   
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(a) Interfacial shear stress 
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(b) Interfacial normal stress 
 
Figure 5.5. Interfacial stresses in F32 beam at 80 kN (nearer to SLS) from present 
method, traditional interpretation and theoretical solution   
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(a) Interfacial shear stress 
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(b) Interfacial normal stress 
 
Figure 5.6. Interfacial stresses in F32 beam at 160 kN (above SLS) from present 
method, traditional interpretation and theoretical solution   
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(a) Interfacial shear stress 
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(b) Interfacial normal stress 
 
Figure 5.7. Interfacial stresses in F32 beam at 200 kN (close to ULS) from present 
method, traditional interpretation and theoretical solution   
 
The failure of F31 beam was by plate separation at a load of 182 kN (Jones et al., 1988). 
The interpreted interfacial stresses from experiments are closer to the theoretical 
predictions of Narayanamurthy et al. (2010) at a notional service load of 60 kN as 
shown in Figure 5.2.  The experimental interpretations are found to increase on the 
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higher side than the theoretical predictions for higher loads of 140 kN and 180 kN 
(Figures 5.3-5.4). This can be justified as Narayanamurthy et al. (2010) gives correct 
results for the plated beam in elastic stage that may exist up to service load, beyond 
which materials non-linearity begins to play a more significant role.  
 
The interfacial stresses between the plates for the F32 beam with stepped steel plates 
bonded to the RC beam are found by treating the RC beam and the upper plate as a 
composite section, with the lower plate as the strengthening. A similar approach has 
already been adopted in Stratford and Cadei (2006). The failure of F32 beam was by 
inner plate separation and the failure load was 208 kN (Jones et al., 1988). Similar to 
F31 beam, the deduced interfacial stresses from experiments are very close (Figure 5.5) 
to Narayanamurthy et al. (2010) for a load of 80 kN which is near to service load. The 
experimental interpretations are higher than the theoretical predictions for higher loads 
of 160 kN and 200 kN (Figures 5.6-5.7). In all the above cases, the interfacial shear 
stresses deduced by Jones et al. (1988) is far away from the newly interpreted stresses 
and theoretical predictions due to the limitations in the traditional interpretation method. 
 
 
5.6 Comparison of plate strains 
 
The longitudinal strain measured at the soffit of the plate for F31 and F32 beams (Jones 
et al., 1988) is compared with the theoretically predicted strains from Narayanamurthy 
et al. (2010) and with simple beam theory. The axial and bending strains in the plates 
are also computed and discussed in this section. The longitudinal strain at the soffit of 
the plate in Narayanamurthy et al.’s (2010) solution is obtained as the summation of Eqs 
5.23 and 5.42 as:  
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The plate strain predicted from simple beam theory is  
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where M(x) is the bending moment in the beam due to external loading alone. The 
predictions of Narayanamurthy et al. (2010) agree well with the experimentally 
measured plate strains for 60 kN on F31 beam. The simple beam theory predictions are 
reasonably close to the others except at the plate end which is an important location for 
initiation of plate end debonding failures, as shown in Figure 5.8.  The measured plate 
strains are higher than the theoretical predictions as the load increases close to failure i.e 
at 140 kN and 180 kN as shown in Figures 5.9-5.10. The predictions from 
Narayanamurthy et al. are closer to the measured strains from the beginning of the 
stepped plate for F32 beam as compared to the simple beam theory at the loads of 80 
kN, 160 kN and 200 kN as shown in Figures 5.11-5.13. Just ahead of the stepped plate 
termination, the theoretical predictions are much lower than the measured strains at all 
the above three loads, with their difference increasing as the loads increase towards 
failure. 
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Figure 5.8. Total plate strain in F31 beam at 60 kN (nearer to SLS) from experiment and 
theory  
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Figure 5.9. Total plate strain in F31 beam at 140 kN (above SLS) from experiment and 
theory 
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Figure 5.10. Total plate strain in F31 beam at 180 kN (close to ULS) from experiment 
and theory 
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Figure 5.11. Total plate strain in F32 beam at 80 kN (nearer to SLS) from experiment 
and theory 
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Figure 5.12. Total plate strain in F32 beam at 160 kN (above SLS) from experiment and 
theory 
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Figure 5.13. Total plate strain in F32 beam at 200 kN (close to ULS) from experiment 
and theory 
 
The plate strains from simple beam theory are significantly higher at the plate ends and 
slightly higher at the remaining locations. This is because the simple beam theory 
cannot capture the stress concentration caused by the geometric discontinuity at the 
plate ends and also it assumes that there are no relative longitudinal or vertical 
displacements between the two adherends at the adhesive interface.  
 
 
5.7 Parametric study  
 
A parametric study has been conducted to understand the effect of plate thickness on the 
predicted total, axial and bending strain components and on the interfacial shear and 
normal stresses for beam F31 subjected to a load of 60 kN, based on Narayanamurthy et 
al. (2010). The geometric and material properties of the F31 beam remain as given in 
Table 5.1 except for the variation in plate thickness. Figure 5.14a shows the variation of 
total longitudinal strain at the soffit of the plate for a plate thickness ranging from 1 to 
12mm. The predicted strain is non linear and is found to increase for decreasing plate 
thickness.  The predicted axial strain shows a similar trend (Figure 5.14b). Unlike axial 
strains, the magnitudes of the bending strains (Figure 5.14c) are far lower and are found 
to increase for increasing thickness of the plate. The magnitude of bending strains 
increases from 1- 32% of the axial strains as the plate thickness increases from 1-12 mm 
(Figure 5.14d). An increase in plate thickness increases both the predicted interfacial 
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shear and normal stresses (Figures 5.15a-b).  The normal stresses are always less than 
the interfacial shear stresses and, unlike interfacial shear stress, tend to reach zero 
within a short distance from the plate termination. 
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(c) Bending Strain  
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Figure 5.14. Effect of plate thickness on predicted plate strain in F31 beam at 60 kN 
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Figure 15. Effect of plate thickness on predicted interfacial stresses in F31 beam  
at 60 kN 
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5.8 Conclusions  
 
Concentration of higher interfacial shear and normal stresses at the plate ends are 
responsible for plate end interfacial debonding failures in plated beams. Hence, it is 
important to quantify these interfacial stresses for the safe design of plated beams. In all 
the experimental studies, the interfacial shear stress is deduced traditionally from the 
measured plate strains assuming that the plate is under pure tension. The peeling effect 
at the interface of the adherends is neglected, leading to severe approximations in the 
interpreted interfacial shear stress. It is also not possible to directly compute the 
interfacial normal stresses from the strain measurements along the plate soffit. The new 
technique developed and demonstrated in this chapter overcomes these limitations and 
helps in the accurate interpretation of interfacial shear and normal stresses from 
experiments besides offering flexibility in selection of the measured strain readings. The 
variation in the components of plate strain and interfacial stresses for different plate 
thickness is illustrated through the parametric study that highlights that the peeling 
effects due to bending strains are significant at the plate end.  
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Plate End Flexural Debonding Models for Plated Beams 
 
 
Abstract 
 
Reinforced concrete (RC) beams flexurally strengthened by adhesively bonding fibre 
reinforced polymer (FRP) or steel plate at their tension face are susceptible to premature 
plate end debonding failures. Safe design of such a strengthened RC beam demands a 
reliable and predictive debonding strength model. There are two special cases of plate 
end debonding failures: flexural debonding for the case when the plate terminates within 
a constant bending moment zone (CMR) and shear debonding for the case when the 
plate terminates at places where the shear force is large but the bending moment is 
minimal. An interaction equation is usually used to model a general plate end 
debonding case. This chapter is concerned with flexural debonding. A brief review of 
existing models is presented before the plate end interfacial stresses are examined. 
Three new models with different levels of accuracy are then developed: the first ever 
theoretical model based on a simplified interfacial fracture mechanics analysis; a semi-
empirical model; and an empirical model. These three models together with two 
existing models are assessed with a carefully constructed test database containing 67 
test data from an extensive literature survey. 
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6.1 Introduction 
 
RC beams strengthened in flexure by adhesive bonding of an FRP or steel plate to their 
tension (soffit) face are vulnerable to various debonding failures. There are many 
different classifications of these debonding failures, but they may be broadly classified 
into two types: plate end debonding (PED) and intermediate crack induced debonding 
(ICD) (Teng and Chen 2009). Several ICD strength models are now available, either 
based on extensive finite element analysis (FEA) (Lu et al., 2005b) or rigorous 
mechanics analysis (Teng et al., 2003; Chen et al., 2006; Teng et al., 2006; Chen et al. 
2007). In contrast, all existing PED strength models are either empirical or semi-
empirical. 
 
The PED failure initiates at or near the plate ends. It appears in different modes (Teng 
and Chen 2009): (1) concrete cover separation; (2) interfacial debonding at the adhesive 
interface; (3) mixed mode with a combination of (1) and (2); (4) critical diagonal crack 
(CDC) initiated concrete cover separation; and (5) critical diagonal crack (CDC) 
initiated interfacial debonding. The first three types of PED failure are observed in RC 
beams with plates terminated in constant bending moment region (CMR) or where 
bending deformation is dominant. These debonding failures are brittle in nature and 
occur usually well before the full flexural capacity of the plated section is achieved. 
Many empirical or semi-empirical models have been developed for predicting PED 
strength. A thorough review and classification of all debonding strength models priori to 
2002 can be found in Smith and Teng (2002a, b). 
 
Oehlers (1992) introduced a methodology to develop a PED strength model in three 
stages based on the location where the plate terminates: (1) a flexural debonding model 
that caters for the case where the plate terminates in CMR; (2) a shear debonding model 
that caters for the case where plate terminates in a pure shear or high shear region with 
zero or low bending moment; and (3) an interaction model based on these above two 
special models that caters for any region in between the above two cases (shear-moment 
region). This methodology was subsequently adopted by Smith and Teng (2003) where 
an interaction model was proposed fully based on limited test data. The debonding shear 
capacity model of Smith and Teng (2002b) was used in this interaction model. More 
recently, Teng and Yao (2007) developed a more accurate interaction model following 
Oehlers’ (1992) strategy.  
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Figure 6.1.  Flexural-strengthened RC beam with plate terminated in CMR 
 
Based on the above discussion, PED in a CMR does not only represent a special case of 
PED, but more importantly, its corresponding flexural debonding strength model often 
forms the basis of a general model for predicting PED. However, very limited research 
is concerned with PED in a CMR and only two flexural debonding models have been 
developed (Oehlers and Moran, 1990; Teng and Yao, 2007). Oehlers and Moran’s 
(1990) model is a semi-theoretical one calibrated with 43 steel plated beams and its  
accuracy was found to be poorer by Teng and Yao (2007) when applied to FRP plated 
beams. Teng and Yao’s (2007) empirical model was developed based on the test results 
of 16 FRP and steel plated beams: there is a need for its accuracy and reliability to be 
assessed with a large test database. 
 
This chapter is concerned with flexural debonding strength model for the special case of 
RC beams with the plate terminated in CMR, such as the one illustrated in Figure 6.1. 
The existing two models are introduced first before the plate end interfacial stresses are 
examined. Three new models with different levels of accuracy are then developed. 
These three models together with the two existing models are assessed with a carefully 
constructed test database containing 67 test data from an extensive literature survey. 
 
 
6.2 Existing Flexural Debonding Models 
 
To the best knowledge of the authors, only two flexural debonding models are available 
in the open literature. They are summarized as follows.   
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6.2.1 Oehlers and Moran’s (1990) model 
 
Based on an approximate elastic analysis, FEA and subsequent calibration with test 
results of 43 steel plated beams, Oehlers and Moran (1990) proposed the following 
semi-empirical flexural debonding model: 
22
,
901.0
)(
tE
fEI
M tpcOeh =          (6.1) 
where MOeh is the predicted debonding moment from Eq. 6.1; (EI)c,p is the flexural 
rigidity of the cracked tensile reinforced plated beam section; ft is the splitting tensile 
strength of the concrete; E and t are respectively the elastic modulus and thickness; and 
subscripts 1 and 2 denote the beam and plate respectively.  
 
6.2.2 Teng and Yao’s (2007) model 
 
Teng and Yao (2007) developed an empirical model based on the test results of 4 steel 
plated and 12 FRP plated RC beams to predict the debonding moment MT-Y: 
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where Mu,0 is the moment capacity of the un-plated beam. The plate to beam axial 
stiffness ratio αa, flexural stiffness enhancement ratio αf, and the beam to plate width 
ratio αw are 
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in which b and I are respectively the breadth and second moment of area; de is the 
effective depth of the beam; and (EI)c,0  is the flexural rigidity of the cracked tensile 
reinforced un-plated beam section. 
 
 
6.3 Assessment of Peeling and Shear Effect from Adhesion Analysis  
 
The adherends undergo longitudinal and vertical displacements relative to each other 
when the beam is loaded. The former introduces interfacial shear stresses whilst the 
latter is responsible for the peeling effect between the adherends. These two effects are 
termed Mode-2 and Mode-1 respectively in fracture mechanics. The PED failure is 
usually a combination of these two modes, but their relative significance depends on the 
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geometry, material and loading of the plated beam. A simplistic assessment of their 
relative significance for the concerned case with the plate terminated in the CMR is 
attempted here based on the elastic adhesion analysis but much more rigorous further 
research is obviously required. 
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Figure 6.2.  Interfacial stresses in a typical steel plated RC beam with plate terminated 
in CMR  
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Figure 6.3.  Interfacial shear versus normal stress at plate end in a plated beam with 
plates terminated in CMR 
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Figure 6.2 shows the interfacial shear stress τ(x) and normal stress σ(x) found from 
Narayanamurthy et al.’s (2010) solution for a test steel plated RC beam (S13/20 in 
Oehlers and Moran (1990), see Tables 6.1-6.2) with plates terminated in CMR. The 
adhesive was assumed to have an elastic modulus of 3GPa in the calculation. Peak 
interfacial shear stress is about 85% higher than the interfacial normal (peeling) stress. 
These interfacial stresses are mostly influenced by the shear stiffness of adhesive and 
the axial stiffness of the plate. Figure 6.3 shows that within a wide range of these two 
parameters, the peak interfacial shear stress is predominant as compared to the peak 
interfacial normal stress. For practical values of adhesive and plate stiffnesses, the peak 
shear stress can be greater than the peak normal stress by about 50-500%. Therefore, it 
may be reasonable to assume that the Mode-2 fracture dominates in the concerned 
flexural debonding and Mode-1 fracture is neglected in the following analysis for 
simplicity. 
 
 
6.4 Interfacial Shear Behaviour 
 
The interfacial shear behaviour is modelled in this section that can lead to the 
development of a theoretical flexural debonding model in plated beams.  
 
6.4.1 Bonded joint model 
 
Consider a simply supported RC beam with a span of l and under four point bending 
(Figure 6.1). It is strengthened in flexure by adhesive bonding of an FRP or steel plate 
of length L within the CMR. The PED in this beam may be considered by investigating 
the plated beam segment between the two major flexural cracks at the two plate end 
locations. Cracks between the two ends of the plate are neglected but their effects on the 
axial and flexural stiffness can be easily taken into consideration by using values of the 
cracked section. This plated beam segment between two cracks is idealised as a bonded 
joint and is subjected to identical axial forces and bending moments on both sides as 
shown in Figure 6.4. The plate ends are unstressed. The adhesive is assumed to have a 
constant thickness and the bond stress is assumed to be constant through its thickness. 
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Figure 6.4.  Idealised bond model  
 
The interfacial shear behaviour of the idealised joint is investigated in this section, 
considering the deformations in the adherends due to axial forces, transverse shear 
forces and bending moments. Note that transverse shear forces are present in the 
adherends that acts against each other due to the transfer of forces between them, 
despite the total shear force on the plated section being zero in the CMR. The adherends 
are assumed to behave linearly although the effect of cracking on their stiffnesses may 
be considered as noted above. The curvature of the adherends are assumed to be the 
same in relating the bending moments of the adherends  
 
6.4.2 Governing equations 
 
The equilibrium, constitutive relations and the interface compatibility requirements for a 
differential segment of the plated beam between two flexural cracks as shown in Figure 
6.5 are used to derive the governing differential equations to analyse the initiation and 
propagation of plate end debonding in a flexurally strengthened plated beam. 
Longitudinal, vertical and moment equilibrium gives 
)()1()( 2 xbdx
xdN ii τ−= ;  i = 1, 2      (6.3) 
)()1()( 2 xbdx
xdV ii σ−= ; i = 1, 2      (6.4) 
)()()( 2 xybxVdx
xdM
ii
i τ−= ; i = 1, 2      (6.5) 
where Ni (x), Vi (x) and Mi (x) refer respectively to axial force, transverse shear force 
and bending moment in the adherend; y1 and y2 are the distances from the bottom of 
beam and top of plate to their respective centroids.  
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Figure 6.5.  Differential segment in a bonded joint model 
 
The total axial force, shear force and moment at any section of the plated beam are 
)()()( 21 xNxNxNT +=         (6.6) 
)()()()( 221 xtbxVxVxV aT τ++=        (6.7) 
[ ] [ ])()()()()()( 11121221 ytyxNyyttxNxMxMxM ccaT −−−−++++=   (6.8) 
where yc is the distance of the centroid of the plated section from the top surface of the 
beam and ta is the thickness of the adhesive layer. 
 
From the constitutive relationship for the adherends, the longitudinal strain at the 
bottom of adherend-1 ε1(x) and at the top of adherend-2 ε2(x) are: 
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where u(x) is the longitudinal displacement of the adherends. 
 
The moment in the beam and the plate can be related by assuming curvature 
compatibility: 
)()( 21 xMxMRb =          (6.10) 
where Rb is the ratio between the flexural stiffness (EI) of the plate and the beam. 
 
The relative longitudinal displacement at the interface between the beam and the plate is 
the interfacial slip δ(x) given by 
)()()( 12 xuxux −=δ          (6.11) 
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Taking the first derivative of Eq. 6.11 with respect to x and substituting Eqs 6.3 and 6.8-
6.10 into the resulting expression provides the relationship between N2(x) and δ(x) as 
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Assuming that the local bond-slip relationship is bi-linear, the interfacial fracture energy 
Gf = τfδf/2 where τf is the local bond strength and δf is the interfacial slip at initiation of 
debonding is introduced into Eq. 6.12a that yields  
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Differentiating Eq. 6.12b once with respect to x, substituting Eq. 6.3 into the resulting 
equation and replacing τ(x) by f(δ) yield the governing differential equation for the 
bonded joint as 
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In a constant moment region VT (x) = 0, so, Eq. 6.13 is reduced to  
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The Eq. 6.14 can be solved if the local bond slip model relating the local interfacial 
bond stress to the local interfacial slip represented by f(δ) is established. 
 
6.4.3 Local deformation (bond-slip) model 
 
Previous experimental (Sebastian, 2001; Chajes et al., 1995, 1996; Bizindavyi and 
Neale, 1999; Dai et al., 2005; Yao et al., 2005a, b) and analytical (Yuan et al., 2004; Lu 
et al., 2005a, b; Teng et al., 2006; Wang, 2006a, b) studies  have shown that the bond-
slip relationship at the interface between the adherends is nonlinear where a bilinear 
model with a linearly ascending branch (linear elastic stage) followed by a linearly 
descending branch (softening stage) represents a close approximation to the bond-slip 
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behaviour of the bonded joint.  In this bilinear model, the local interfacial shear stress 
increases linearly with the increases in the interfacial slip until it reaches the peak shear  
 
 
Figure 6.6.  Linearly softening local bond-slip model 
 
stress (bond strength) τf which is followed by initiation of interfacial softening (micro-
cracking). This is accompanied by decreases in the interfacial shear stress and increases 
in the interfacial slip until the shear stress reaches zero at an ultimate slip of δf which 
initiates macro cracking or debonding. Experimental studies have shown that the elastic 
deformation δ1 at τf is much smaller than the δf so it is neglected and a linearly softening 
bond-slip model as shown in Figure 6.6 is adopted in this study. This simplification has 
an insignificant effect on the final predictions (Chen et al. 2007). This bond-slip model 
can be described mathematically as: 
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The governing equation (Eq. 6.14) can be solved using the cohesive model in Eq. 6.15 
to find the distributions of the interfacial shear stress and interfacial slip along the 
interface and load-displacement response in the bonded joint.  
 
6.4.4 Failure process and solution for different states of interface  
 
Figure 6.7 shows the interfacial shear stress distribution and the sequence of debonding 
propagation for a typical failure process for the bonded joint shown in Figure 6.4. Under 
loading, a point of the interface can be in a rigid, softening, or debonded state. Letters R 
(rigid), S (softening) and D (debonding) are used to describe the states of the interface 
from the left to the right. The entire interface is initially rigid because the adopted local 
bond–slip model neglects any elastic deformation. Softening initiates at the plate ends 
as soon as any loading is applied resulting in micro-cracking and interfacial slip. The 
when 0)( =xδ  
 
when fx δδ ≤< )(0   
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softening length a of the interface increases with increases in loading and reaches ad 
when debonding (macro-cracking) initiates. The interface ahead of the softening front 
remains rigid and has no interfacial stresses in the present analysis (Figure 6.7a-c), 
which makes the softening front abrupt whereas when a bilinear bond-slip model is used 
the actual stress distribution would be smooth ahead of the softening front throughout 
the whole loading process (Teng et al. 2006). 
 
Because β=1 in the CMR, the interface during the failure process is symmetrical about 
the middle of the bonded joint so only half of the interface (from x = 0 to 0.5L) needs to 
be considered in this analysis. Assuming that the bond length is sufficiently large so that 
L > 2ad, (if L ≤ 2ad no debonding state exists), the interface experiences progressively 
the following states during the loading process: 
 
1) softening–rigid (S–R) state (Figure 6.7a);  
2) debonding–softening–rigid (D–S–R) state (Figure 6.7b,c);  and 
3) debonding–softening (D–S) state (Figure 6.7d,e).  
 
 
Figure 6.7  Failure process and distribution of interfacial shear stress at different states 
of interface in the bonded joint 
 
The solutions for the different interface states described above are deduced as follows. 
Substituting Eq. 6.15 for the case of 0 < δ(x) ≤ δf into Eq. 6.14 yields the governing 
equation for the softening interface as: 
 fxdx
xd δλδλδ 222
2
)()( =+         (6.16) 
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The interfacial slip, the interfacial shear stress and the axial force in the plate for the 
softening region can be found by solving Eq. 6.16. 
 
Softening–rigid (S–R) interface 
 
The interface remains in S–R state as shown in Figure 6.7a until the debonding bending 
moment MTd is reached at the left plate end (x = 0) when the loads are increased 
gradually from zero. The general solution for the softening region of the interface (0 ≤ x 
≤ a) with 0 < δ(x) ≤ δf is given by  
faxBaxAx δλλδ +−+−= )](cos[)](sin[)( 11               (6.17a) 
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The boundary and continuity conditions at the softening region of the interface are: 
N2(x) = 0 at x = 0                             (6.18a) 
N2(x) is continuous at x = a                                       (6.18b) 
δ(x) = 0 at x = a                                       (6.18c) 
 
The constants of integration A1 and B1 and the softening length a are obtained by 
applying Eqs 6.18a-c to Eqs 6.17a-c as given below.  
fBA δ−== 11 ;0                                  (6.19) 
Tf Mma λλδ =)sin(          (6.20) 
 
The softening length a increases gradually with the applied loading. The relative 
displacements between the adherends at left end referred to as ∆0 can be obtained from 
Eq. 6.17a as: 
)]cos(1[0 af λδ −=∆             (6.21) 
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Debonding–softening–rigid (D–S–R) interface 
 
An S–R interface becomes a D–S–R interface (Figure 6.7b) when ∆0 reaches δf. From 
Eq. 6.21 this gives 
λ
pi
2
=da            (6.22) 
The applied bending moment at the initiation of debonding MTd can be obtained from 
Eq. 6.20 as: 
λ
δ
m
M fTd =           (6.23) 
 
The shape and length of the softening regions and the applied loading remains constant 
until the rigid region of the interface ahead of the softening front vanishes as debonding 
propagates. This is achieved by the movement of the softening front steadily towards 
the mid-length of the bonded joint (x = 0.5L) as shown in Figure 6.7c-d. In this process, 
the debonded length d at the left end of the interface increases from 0 to (0.5L–ad).  
 
Solutions given in Eqs 6.17–6.20 are valid if x is replaced by [x-(0.5L–d)] and a by ad. 
The axial plate force within the debonded zone is zero. Considering Eq. 6.12b, the slip 
or the relative displacement at x = 0 during D–S–R state of interface can be obtained as  
dMm Tdf
2
0 λδ +=∆          (6.24) 
Alternatively, a direct elastic analysis gives the following expression which is the same 
as Eq. 6.24: 
dy
IE
MTd
f 1
11
0 +=∆ δ          (6.25) 
 
Debonding–softening (D–S) interface 
 
A D–S–R interface becomes a D–S interface when the length of the rigid region ahead 
of the softening front reduces to zero and d = (0.5L – ad) as shown in Figure 6.7d. The 
general solutions in Eqs 6.17a–c are valid if (x–a) is replaced by [x − (0.5L – a)] and the 
constants of integration A1 and B1 are replaced by A2 and B2, which can be determined 
from the following boundary and symmetric conditions for the softening region of the 
interface:  
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N2(x) = 0 at x = (0.5L–a)                            (6.26a) 
δ(x) = δf at x = (0.5L–a)                                       (6.26b) 
δ(x) = 0 at x = 0.5L                                       (6.26c) 
 
Application of Eqs 6.26a-c to the modified general solutions from Eqs 6.17a–c as 
described above provide the following expressions for the softening length a and the 
integration constants A2 and B2.   
0; 22 =−= BMmA Tλ          (6.27) 
T
f
Mm
a λ
δλ =)sin(          (6.28) 
Any further increase in applied loading is accompanied by the decrease in the softening 
length a as per Eq. 6.28. The relative displacement at x = 0 during the debonding 
process can be obtained from Eq. 6.24. The distribution of interfacial stress is shown in 
Figure 6.7e for this state which notionally ends when a = 0.  
 
Mathematically complete debonding occurs only when a →0 and MT →∞ (Eq. 6.28) but 
this is not practical and is a result of the assumed static behaviour. If dynamic behaviour 
during the debonding process is considered, any increase of the loading during this 
stage is unlikely to be experienced in practice. What is significant from this analysis is 
the debonding initiation moment (Eq. 6.23). 
 
Load–displacement response  
 
Figure 6.8 shows the load-displacement (plate end slip) response predicted using the 
above formulations (Eqs 6.20-6.25 and 6.28) for the test steel plated RC beam specimen 
S13/20 reported in Oehlers and Moran (1990). The bond-slip parameters calculated 
using Lu et al.’s (2005b) bi-linear bond-slip model are: δf = 0.16 mm; τf = 3.5 MPa; and 
Gf = 0.28 N/mm. These parameters may also be obtained using other models such as 
Seracino et al. (2007) although the former is used through out this chapter. Note that the 
elastic deformation in this model is neglected but the interfacial fracture energy (the 
area under the bond-slip curve) is preserved in calculating the parameters for the 
linearly softening bond-slip model. Characteristic points in the load-displacement 
response are marked as O, A and B in Figure 6.8. The curve OA represents the S–R 
state of the interface, with point A representing the initiation of debonding. The plateau 
AB represents the D–S–R state, with point B representing the end of the D-S-R 
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interface and when the softening front reaches the mid-span. The curve starting from B 
onwards (dotted line in Figure 6.8) refers to D–S state of interface which has little 
practical significance as discussed above.  
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Figure 6.8.  Load-displacement response of the bonded joint in CMR 
 
 
6.5 Flexural Debonding Test Database 
 
6.5.1 General description and consideration 
 
An extensive literature survey has resulted in the largest ever database containing 67 RC 
beams with the flexural strengthening plate terminated in CMR and failed due to 
flexural debonding. It includes 54 steel plated beams, 9 CFRP plated beams, 2 GFRP 
plated beams and 2 C-GFRP plated beams. In all the tests, the bonded plate was not 
subjected to any prestress or anchorage in any form and the beam was not preloaded 
before being loaded to debonding failure. All the beams failed due to flexural PED 
failure either by concrete cover separation or interfacial failure or a combination of 
these two modes. The geometric and material parameters of these test beams are given 
in Tables 6.1 and 6.2 and their test results in Table 6.3. In Table 6.2, l1 and l2 denote the 
distance of the plate end and the applied transverse load P respectively from the left 
support; f2 is the tensile yield strength of steel plate or tensile rupture strength of the 
FRP plate; and Es, As and fy refer respectively to the elastic modulus, cross sectional 
area and tensile yield strength of the internal tension steel reinforcement. It is seen that 
O 
 
A B 
• 
• • 
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these tests cover a wide range of important parameters: (1) elastic modulus of plate E2 = 
8.8-257 GPa; (2) nominal thickness of plate t2 = 0.165-32 mm; (3) cubic strength of the 
concrete fcu = 25-59 MPa; (4) splitting tensile strength of the concrete ft = 2.55-4.9 MPa; 
(5) elastic modulus of concrete E1 = 20-32 GPa; (6) axial stiffness of plate per unit 
width E2t2 = 3.76-315 (x104) N/mm; (7) effective axial stiffness of beam per unit width 
E1de = 2.4-7.1 (x106) N/mm; (8) flexural rigidity of the cracked plated RC beam section 
(EI)c,p = 0.85-9.3 (x1012) Nmm2;  (9) flexural rigidity of the cracked un-plated RC beam 
section (EI)c,0 = 0.37-5.8 (x1012) Nmm2;  (10) width ratio of beam to plate αw = 1.0-4.8; 
(11) internal tensile reinforcement steel ratio ρs = 0.44-5.40 %; (12) interfacial fracture 
energy Gf = 0.25-0.88 Nmm/mm2; and (13) interfacial bond strength τf  = 2.7-6.8 
N/mm2. 
   
The adhesive thickness ta was not available for most of the 67 test beams. In such cases 
it is assumed that ta = 2 mm for steel and pultruded FRP plates; ta = total thickness of 
FRP plate including adhesive tpa – nominal thickness of all FRP sheets t2; and only for 
few cases where tpa was also not available, it is calculated by assuming the thickness of 
adhesive layer between each FRP layer as 0.42mm following Smith and Teng (2002b). 
This methodology in ta calculation is adopted to make best use of the available test data 
without rejecting any merely for the non availability of ta. Also, accurate measurement 
of ta is not possible in many cases, especially for wet lay-up FRP systems. Experiments 
have also shown that these adhesive parameters have a limited effect on debonding test 
results (Swamy et al., 1987; Quantrill et al., 1996; Oehlers and Ali, 1998). Therefore, it 
is desirable that debonding models for practical design use should be insensitive to or 
avoid the adhesive parameters. The formulation of the proposed theoretical model does 
include ta, but the results with and without (i.e. setting ta =0) including it have little 
difference. The predictions from the proposed models presented in the rest of the 
chapter do not include the effect of adhesive parameters. 
 
Not all concrete properties such as ft,  fcu and cylinder strength  fc were available for 
many test beams. In such cases, the following relationships are used to calculate the 
missing properties from the known ones: 
cuc ff 79.0=       (BS 8110, 1997)                      (6.29a)       
ct ff 53.0=      (ACI 318-02, 2002)                      (6.29b) 
cfE 47301 =                            (ACI 318-02, 2002)                      (6.29c) 
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Table 6.1: Flexural debonding test database: details of RC beams 
 
Reference Specimen b1 t1 de l fc fcu ft E1 
    (mm) (mm) (mm) (mm) (MPa) (MPa) (MPa) (GPa) 
Oehlers &  S1/1, 2 125 150 112 2100 37.9 48.0 3.80 28.0 
Moran (1990) S2/1, 2 125 150 122 2100 26.9 34.0 2.90 25.0 
 S3/1, 2 125 150 122 2100 22.1 28.0 2.80 28.0 
 S3/3, 4 125 150 122 2100 22.1 28.0 2.90 28.0 
 S4/1, 2 125 150 122 2100 35.6 45.0 4.10 25.0 
 S4/3, 4 125 150 122 2100 34.8 44.0 4.20 26.0 
 S5/1, 2 125 150 122 2100 34.8 44.0 3.50 30.0 
 S5/3, 4 125 150 122 2100 34.0 43.0 3.30 27.0 
 S6/1, 2 125 150 122 2100 28.4 36.0 3.10 29.0 
 S6/3, 4 125 150 122 2100 28.4 36.0 3.30 23.0 
 S9/1, 2 125 150 122 2100 30.0 38.0 3.20 23.0 
 S9/3, 4 125 150 122 2100 22.9 29.0 3.20 23.0 
 S10/1, 2 120 180 152 1650 26.1 33.0 3.80 26.0 
 S10/3, 4 120 180 152 1650 29.2 37.0 3.50 23.0 
 S11/1, 2 120 180 152 1650 26.9 34.0 3.30 26.0 
 S11/3, 4 120 180 152 1650 28.4 36.0 4.10 32.0 
 S12/1, 2 120 180 152 1650 23.7 30.0 3.40 23.0 
 S12/3, 4 120 180 152 1650 28.4 36.0 3.70 32.0 
 S13/6 120 200 182 2500 33.2 42.0 3.30 21.0 
 S13/7 120 240 222 2500 32.4 41.0 3.50 22.0 
 S13/9, 10 120 160 142 1800 36.3 46.0 4.60 25.0 
 S13/11 120 160 142 1800 27.7 35.0 4.90 26.0 
 S13/13, 14 120 160 122 1800 29.2 37.0 3.40 20.0 
 S13/15, 16 120 160 120 1800 26.1 33.0 3.20 22.0 
 S13/17, 18 120 160 102 1800 34.0 43.0 3.20 24.0 
 S13/19, 20 120 160 124 1800 34.0 43.0 3.30 21.0 
Oehlers (1992) 7/2/* 130 175 147 3000 46.6 59.0 4.60 32.0 
 8/2/* 130 175 147 2325 37.1 47.0 3.90 27.0 
Yao & Teng (2007) CS-A 150 253 217 1500 24.3 30.7 3.11 25.3 
 CS-L1-A 150 253 214 1500 28.8 36.4 3.41 24.4 
 CS-L3-A 151 253 217 1500 26.0 32.9 3.51 27.2 
 CS-W50-A 151 255 218 1500 31.2 39.5 3.21 26.0 
 CS-W100-A 151 254 214 1500 29.9 37.8 3.27 24.3 
 CP-A 151 253 218 1500 29.2 37.0 3.83 27.4 
 SP-A 151 253 214 1500 28.0 35.4 3.72 26.5 
 GS-A 151 252 213 1500 30.7 38.9 4.31 28.8 
 CS-C10-A 151 253 236 1500 21.6 27.3 4.01 30.0 
 CS-C50-A 151 253 196 1500 30.7 38.8 2.68 29.3 
Smith & Teng (2003) 6-A 151 250 215 - 28.6 36.1 2.85 29.4 
Mohomed Ali  FP-S-5, FP-C-8.5, 150 250 190 2800 19.8 21.6 2.55 30.1 
 et. al. (2001) FP-CG2-16, FP-G-32,         
  FP-CG-16                 
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Table 6.2: Flexural debonding test database: details of soffit plate, internal tensile 
reinforcement and loading 
 
Reference Specimen b2 t2 E2 f2 Es fy As l1  l2 
    (mm) (mm) (GPa) (MPa) (GPa) (MPa) (mm2) (mm) (mm) 
Oehlers  S1/1, 2 125 3 210.0 272 210 444 402 600 450 
& Moran (1990) S2/1, 2 125 5 210.0 272 210 444 402 600 450 
 S3/1, 2 125 3 210.0 272 210 444 402 600 450 
 S3/3, 4 125 3 210.0 272 210 444 402 600 450 
 S4/1, 2 125 5 210.0 272 210 444 402 600 450 
 S4/3, 4 125 5 210.0 272 210 444 402 600 450 
 S5/1, 2 125 5 210.0 272 210 444 402 600 450 
 S5/3, 4 125 5 210.0 272 210 444 402 600 450 
 S6/1, 2 125 5 210.0 272 210 444 402 600 450 
 S6/3, 4 125 5 210.0 272 210 444 402 600 450 
 S9/1, 2 125 3 210.0 272 210 444 402 600 450 
 S9/3, 4 125 3 210.0 272 210 444 402 600 450 
 S10/1, 2 120 10 210.0 272 210 444 402 535 385 
 S10/3, 4 120 6.5 210.0 272 210 444 402 535 385 
 S11/1, 2 120 3 210.0 272 210 444 402 535 385 
 S11/3, 4 120 15 210.0 273 210 444 402 535 385 
 S12/1 100 10 210.0 272 210 444 402 535 385 
 S12/2 50 11 210.0 273 210 445 402 535 385 
 S12/3 25 10 210.0 272 210 444 402 535 385 
 S12/4 75 11 210.0 273 210 445 402 535 385 
 S13/6, 7 120 5 210.0 272 210 444 402 900 550 
 S13/9, 10 120 2 210.0 272 210 444 402 550 350 
 S13/11 120 5 210.0 272 210 444 402 500 350 
 S13/13, 14 120 2, 5 210.0 272 210 444 402 550 400 
 S13/15, 16 120 2, 5 210.0 272 210 390 629 550 400 
 S13/17, 18 120 6, 2 210.0 272 210 444 402 550 400 
 S13/19, 20 120 2, 5 210.0 272 210 500 226 550 400 
Oehlers (1992) 7/2/* 130 5 210.0 272 210 444 402 1150 1000 
 8/2/* 130 5 210.0 272 210 444 402 900 775 
Yao & Teng (2007) CS-A 148 0.33 256.0 4114 199 536 157 600 500 
 CS-L1-A 148 0.165 256.0 4114 199 536 157 600 500 
 CS-L3-A 148 0.495 256.0 4114 199 536 157 600 500 
 CS-W50-A 50 0.33 256.0 4114 199 536 157 600 500 
 CS-W100-A 100 0.33 256.0 4114 199 536 157 600 500 
 CP-A 148 1.2 165.0 2800 199 536 157 600 500 
 SP-A 148 2 174.0 158 199 536 157 600 500 
 GS-A 148 1.67 22.5 159 199 536 157 600 500 
 CS-C10-A 148 0.33 256.0 4114 199 536 157 600 500 
 CS-C50-A 148 0.33 256.0 4114 200 524 157 600 500 
Smith & Teng (2003) 6-A 145 0.33 257.0 4114 207 524 157 - - 
Mohomed Ali  FP-S-5 150 5 200.0 272 200 433 1571 1100 800 
 et. al. (2001) FP-C-8.5 150 7.4 130.6 2800 200 433 1571 1100 800 
 FP-CG2-16 150 16 42.1 1000 200 433 1571 1100 800 
 FP-G-32 150 32 10.2 350 200 433 1571 1100 800 
  FP-CG-16 150 16 8.8 1000 200 433 1571 1100 800 
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6.5.2 Theoretical ultimate moment and flexural rigidity  
 
Theoretical ultimate moment of the un-plated section Mu,0 is evaluated in accordance 
with ACI 318-02 (2002). Compression reinforcement is ignored in all calculations. 
Careful attention needs to be paid in applying the right procedure for over-reinforced 
and under-reinforced un-plated beam sections. Failing to consider this procedure 
carefully resulted in different values of Mu,0 for the test beams of Mohammed Ali et al. 
(2001) reported in Teng and Yao (2007). The procedure in Teng et al. (2002a) is 
adopted in computing the flexural rigidity of a plated section (EI)c,p with a careful 
observation on the strain level in tension steel reinforcement to distinguish under- and 
over- reinforced plated sections. 
 
 
6.6 New Flexural Debonding Strength Models 
 
Three new models with different levels of accuracy are developed in this section for 
predicting the PED failure in RC beams strengthened with a tension face plate which 
terminates in the CMR, based on the above interfacial shear analysis and the database. 
 
6.6.1 Model-1: theoretical model 
 
The first model directly employs the theoretical debonding moment Mp-1 (Eq. 6.23) 
from the interfacial shear analysis, i.e. 
λ
δφ
m
M fp 11 =−                   (6.30a) 
where λ and m are given in Eqs 6.12b-c in which the parameters A1; y1; and I1 shall be 
replaced respectively by Ac,e; y1; and Ic,e, the elastic sectional properties of the cracked 
unplated beam section. For a rectangular RC section, these properties can be expressed 
as (Figure 6.9)  
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where ms is the modular ratio of internal tension steel to concrete and yc,0 is the  neutral 
axis depth of unplated beam at Mu,0.  
 
 
 
Figure 6.9.  A cracked rectangular RC beam section 
 
The values of Mp-1 (Eq. 6.30a) listed in Table 6.3 were calculated by using the bond 
properties δf; τf and Gf based on Lu et al.’s (2005b) bilinear bond-slip model. Other 
models may also be used. The statistical results for the proposed model-1 and model-2 
using Seracino et al.’s (2007) bond properties are also given in Table 6.4, which give 
similar accuracy to Lu et al.’s (2005b) model.  
 
In Eq. 6.30a, the coefficient φ1 = 1 for prediction and φ1 = 0.786 to make it a 95 
percentile (1.645 × standard deviation) lower bound model suitable for design. 
 
6.6.2 Model-2: semi-empirical model 
 
A detailed analysis of the effects of different parameters shows that the accuracy of the 
above theoretical model (Eq. 6.30a) can be improved by calibrating it with the test 
database (Tables 6.1 and 6.2), leading to the development of an accurate semi-empirical 
model:   
( )74.043.720.2303.17 2322 ++−=− αααλ
δφ
m
M fp               (6.31a) 
where α is the axial stiffness enhancement ratio given as  
ss AEAE
AE
+
=
11
22α
          (6.31b) 
and the coefficient φ2 = 1 for prediction and φ2 = 0.758 to make it a 95 percentile lower 
bound model suitable for design. 
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6.6.3 Model-3: empirical model 
 
Without the restraint of the theoretical model (Eq. 6.30), a thorough study of the test 
database shows that the flexural debonding failure is mainly controlled by two 
parameters: the first yield moment My,0 of the cracked un-plated beam section (which 
should take the ultimate moment capacity Mu,0 for over-reinforced beam sections); and 
contribution of the bonded plate to the flexural rigidity of the cracked tensile reinforced 
concrete section in terms of αf (Eq. 6.2b). The chief factor is the first yield moment My,0, 
which if considered alone (in the form of Mp= My,0) provides an average test to 
prediction debonding moment ratio of 0.773, with a coefficient of variation (CoV) of 
0.280 in comparison with 67 test results. This suggests that the yielding of the tension 
steel reinforcement plays a crucial role in initiating the flexural plate end debonding. 
 
The inclusion of αf and calibration with test results (in the form of 
0,
56.03.1 yp MeM
fα−
= ) can improve the average ratio to 1.018 with a much reduced 
CoV of 0.187. Further including the effect of the width ratio factor between the bonded 
plate and the original beam βw (as in Chen and Teng’s 2001 pull-off bond strength 
model) as follows can very marginally improve the average ratio and CoV to 1.001 and 
0.179 respectively. A simple empirical model with slightly lower accuracy than model-2 
may thus be proposed: 
0,0,
8.0
33 uyp MMeM
fw ≤= −
−
αβφ                 (6.32a) 
where 
21
212
bb
bb
w +
−
=β
        (6.32b) 
and the coefficient φ3 = 1.332 for prediction and φ3 = 1.004 to make it a 95 percentile 
lower bound model suitable for design. 
 
Alternatively, the ultimate moment capacity of the un-plated section Mu,0 may be used 
instead of the first yield moment in Eq. 6.32a: 
0,0,
8.0
33 uup MMeM
fw ≤= −
−
αβφ                 (6.32c) 
 
Equation 6.32c has almost the same accuracy as Eq. 6.32a (with an average ratio of 
0.997 and CoV of 0.182). 
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6.7 Comparison of Flexural Debonding Models with Test Database 
 
The test flexural debonding moment and the predicted values from the proposed three 
models (Eqs 6.30-6.32) as well as those of Oehlers and Moran’s (1990) model (Eq. 6.1) 
and Teng and Yao’s (2007) model (Eq. 6.2) are listed in Table 6.3. The statistical 
performance of the test to predicted moment ratio is shown in Table 6.4. The proposed 
theoretical model (model-1) does not rely on experimental test results and is fully based 
on the interfacial fracture mechanics. Its prediction (Figure 6.10a) is conservative for 53 
out of the 67 test data. The proposed semi-empirical model (model-2) improves the 
accuracy of the theoretical model (Table 6.4 and Figure 6.10b) to a large extent with 
significantly reduced variations. Its predictions ranged from 75%-125% for 62 out of 
the 67 test data. The proposed empirical model (model-3) is simpler with slightly lower 
accuracy than model-2 (Table 6.4 and Figure 6.10c) and is more accurate than model-1. 
 
Oehlers and Moran’s (1990) is the first ever model for flexural debonding but it is over 
conservative for most of test data and too un-conservative for around 10 data reported 
by Teng and Yao (2007) as shown in Figure 6.10d. Its statistical performance is 
significantly worse than other models. Teng and Yao’s (2007) empirical model is 
reasonably accurate with its statistical performance slightly worse than the proposed 
models 2 and 3 but better than the proposed model-1 and Oehlers and Moran’s (1990) 
(Table 6.4). It is conservative for almost 90% of the test data (Figure 6.10e). 
 
The statistical performance of the natural logarithm of test-to-predicted debonding 
moment ratios of the five models are also provided in Table 6.5. The distribution of the 
simple test-to-prediction ratio is skewed but the distribution of the logarithm of test-to-
predicted debonding moment ratio should be close to normal, better suited for deriving 
design coefficients. The design coefficients in Eqs 6.30-6.32 were derived from this 
distribution. The average, maximum and minimum should be close to zero; and the 
standard deviation should be small for a good model. The positive and negative sign in 
average, maximum and minimum can be considered as a representation of the 
conservative and unconservative predictions respectively. 
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Table 6.3: Test and predicted flexural debonding moment 
 
Reference S. No Specimen Me εe  Mp-1  Mp-2  Mp-3 MOeh MT-Y 
      (kNm) (µε) (kNm) (kNm) (kNm) (kNm) (kNm) 
Oehlers & 1 S1/N1 9.2 618 7.9 10.8 11.3 7.1 9.1 
 Moran (1990) 2 S1/N2 9.9 639 7.9 10.8 11.3 7.1 9.1 
 3 S2/N1 12.2 502 7.9 11.3 11.7 4.3 8.7 
 4 S2/N2 11.5 491 7.9 11.3 11.7 4.3 8.7 
 5 S3/N1 11.3 606 8.8 12.1 11.9 6.0 8.5 
 6 S3/N2 10.8 546 8.8 12.1 11.9 6.0 8.5 
 7 S3/N3 12.6 588 8.9 12.2 11.9 6.2 8.5 
 8 S3/N4 13.5 748 8.9 12.2 11.9 6.2 8.5 
 9 S4/N1 12.6 512 8.6 12.3 11.8 5.9 9.3 
 10 S4/N2 14.0 562 8.6 12.3 11.8 5.9 9.3 
 11 S4/N3 13.5 543 8.6 12.5 11.7 6.1 9.3 
 12 S4/N4 14.4 588 8.6 12.5 11.7 6.1 9.3 
 13 S5/N1 11.5 603 8.4 12.2 11.6 5.5 9.4 
 14 S5/N2 15.1 717 8.4 12.2 11.6 5.5 9.4 
 15 S5/N3 11.5 615 8.2 11.9 11.6 4.9 9.2 
 16 S5/N4 9.9 639 8.2 11.9 11.6 4.9 9.2 
 17 S6/N1 16.0 617 8.2 11.9 11.7 5.0 9.0 
 18 S6/N2 12.6 551 8.2 11.9 11.7 5.0 9.0 
 19 S6/N3 12.6 536 8.0 11.4 11.6 4.6 8.8 
 20 S6/N4 14.2 558 8.0 11.4 11.6 4.6 8.8 
 21 S9/N1 16.7 1103 8.7 12.2 13.2 5.9 9.8 
 22 S9/N2 14.0 999 8.7 12.2 13.2 5.9 9.8 
 23 S9/N3 13.5 825 8.7 12.4 12.0 6.0 8.5 
 24 S9/N4 15.3 1109 8.7 12.4 12.0 6.0 8.5 
 25 S10/N1 12.3 244 9.9 11.3 11.9 6.7 10.1 
 26 S10/N2 10.8 231 9.9 11.3 11.9 6.7 10.1 
 27 S10/N3 11.2 348 10.1 14.0 14.3 6.5 11.3 
 28 S10/N4 11.7 305 10.1 14.0 14.3 6.5 11.3 
 29 S11/N1 12.3 573 11.6 15.5 17.4 10.0 13.2 
 30 S11/N2 13.1 498 11.6 15.5 17.4 10.0 13.2 
 31 S11/N3 7.9 128 10.0 8.4 10.1 6.8 9.7 
 32 S11/N4 9.2 174 10.0 8.4 10.1 6.8 9.7 
 33 S12/N1 10.4 261 10.0 12.1 11.6 5.2 9.8 
 34 S12/N2 12.7 403 10.3 14.9 12.2 3.5 9.7 
 35 S12/N3 16.4 1004 10.4 12.0 13.5 3.3 10.3 
 36 S12/N4 10.6 268 11.0 15.9 11.0 5.6 10.4 
 37 S13/N6 24.4 682 13.6 19.7 21.5 9.2 15.9 
 38 S13/N7 23.9 682 17.6 25.3 27.2 15.7 20.6 
 39 S13/N9 17.6 971 13.6 17.0 18.8 14.2 14.1 
 40 S13/N10 16.1 938 13.6 17.0 18.8 14.2 14.1 
 41 S13/N11 13.1 461 11.1 16.2 14.7 9.0 11.0 
 42 S13/N13 12.6 765 8.7 11.4 13.6 8.1 10.1 
 43 S13/N14 9.0 425 7.4 10.4 10.9 4.7 8.4 
 44 S13/N15 15.3 870 10.8 13.5 15.0 8.4 10.5 
 45 S13/N16 11.4 472 8.7 12.7 12.0 4.9 8.5 
 46 S13/N17 6.3 214 5.5 7.6 6.8 4.3 6.3 
 47 S13/N18 7.9 629 6.3 7.9 9.7 7.1 7.9 
 48 S13/N19 10.6 618 6.7 8.8 8.7 7.4 7.2 
  49 S13/N20 10.2 395 5.9 8.3 6.7 4.7 6.0 
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Table 6.3 (Contd.): Test and predicted flexural debonding moment 
 
Reference S. No Specimen Me εe  Mp-1  Mp-2  Mp-3 MOeh MT-Y 
      (kNm) (µε) (kNm) (kNm) (kNm) (kNm) (kNm) 
Oehlers (1992) 50 7/2/* 13.5 - 11.9 17.1 15.9 11.3 13.0 
 51 8/2/* 12.9 - 11.1 16.1 15.3 8.9 12.3 
Yao & Teng (2007) 52 CS-A 12.5 1158 16.5 13.9 15.6 62.8 14.7 
 53 CS-L1-A 17.0 2425 21.2 16.9 18.2 111.6 18.0 
 54 CS-L3-A 13.5 919 15.2 13.3 14.2 56.6 13.5 
 55 CS-W50-A 13.8 1689 22.9 17.9 18.3 52.3 16.5 
 56 CS-W100-A 13.3 1038 19.1 15.5 16.2 56.7 15.1 
 57 CP-A 11.4 404 14.1 13.2 13.0 48.4 12.5 
 58 SP-A 11.5 215 12.2 13.0 10.5 35.5 10.6 
 59 GS-A 19.1 2924 23.5 18.5 18.1 158.8 18.5 
 60 CS-C10-A 18.9 1540 20.9 17.3 16.8 97.8 16.3 
 61 CS-C50-A 11.9 1211 13.4 11.1 13.4 48.5 13.0 
Smith & Teng (2003) 62 6-A 17.0 - 17.0 14.1 15.6 58.2 14.9 
Mohomed Ali  63 FP-S-5 26.3 325 28.1 36.5 32.1 23.7 22.5 
 et. al. (2001) 64 FP-C-8.5 28.1 342 28.3 36.4 30.9 26.1 22.1 
 65 FP-CG2-16 28.0 455 30.8 35.9 32.6 34.3 23.7 
 66 FP-G-32 40.4 809 38.0 37.2 35.9 61.3 27.5 
  67 FP-CG-16 62.1 1775 56.1 48.0 40.3 124.4 34.4 
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(a) Present model-1(Theoretical model) 
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(b) Present model-2(Semi-empirical model) 
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(c) Present model-3(Empirical model) 
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(d) Oehlers and Moran’s (1990) model 
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(e) Teng and Yao’s (2007) model 
Figure 6.10.  Comparison of flexural debonding models with test data 
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(b) Present model-2(Semi-empirical model) 
Chapter 6: Plate End Flexural Debonding Models for Plated Beams 
 154 
0.0
0.5
1.0
1.5
2.0
0 500 1000 1500 2000 2500 3000
εue (x10-6)
M
e 
/ M
p-
3 
Average
 
(c) Present model-3(Empirical model) 
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(d) Oehlers and Moran’s (1990) model 
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(e) Teng and Yao’s (2007) model 
Figure 6.11.  Flexural debonding moment: tests-to-predictions against plate strain 
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Table 6.4: Statistics of test-to-predicted debonding moment ratio (Me/Mp) 
 
Model Average CoV Maximum Minimum 
Model-1 (with Lu et al.'s (2005b) bond model) 1.258 0.255 1.961 0.600 
Model-1 (with Seracino et al.'s (2007) bond model) 1.150 0.244 1.811 0.653 
Model-2 (with Lu et al.'s (2005b) bond model) 1.001 0.168 1.368 0.665 
Model-2 (with Seracino et al.'s (2007) bond model) 0.920 0.184 1.405 0.630 
Model-3  1.001 0.179 1.539 0.709 
Oehlers & Moran (1990) 1.662 0.576 4.940 0.120 
Teng & Yao (2007)   1.246 0.211 1.807 0.816 
 
 
 
 
Table 6.5: Statistics of test-to-predicted debonding strength ratio ln(Me/Mp) 
 
Model Average  Standard 
Deviation 
Maximum Minimum 
Model-1 (with Lu et al.'s (2005b) bond model) 0.196 0.266 0.673 -0.510 
Model-1 (with Seracino et al.'s (2007) bond model) 0.110 0.249 0.594 -0.427 
Model-2 (with Lu et al.'s (2005b) bond model) -0.013 0.169 0.313 -0.407 
Model-2 (with Seracino et al.'s (2007) bond model) -0.099 0.179 0.340 -0.462 
Model-3  -0.014 0.171 0.431 -0.344 
Oehlers & Moran (1990) 0.240 0.879 1.597 -2.118 
Teng & Yao (2007)   0.199 0.209 0.592 -0.203 
 
 
Thus it can be concluded that the proposed model-2 is the most accurate model 
followed by model-3, Teng and Yao (2007), model-1 and finally Oehlers and Moran 
(1990) but the proposed model-1 is the simplest in form and the only one which is 
solely based on a theoretical analysis. 
  
The debonding moment from test-to-predictions against measured plate strains at mid-
span εe during debonding failure for 64 out of 67 test results are plotted in Figure 6.11a-
e. These plots show that the debonding plate strain is spread over a wide range so that a 
cap on axial plate strain limit can not be imposed to prevent debonding failure (ACI 440 
model). 
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6.8 Conclusions 
 
This chapter has presented an investigation on the plate end debonding behaviour of 
flexurally strengthened RC beams with the bonded plate terminated in the constant 
bending region (CMR), or the so called flexural debonding behaviour. A simple 
assessment of the interfacial stresses near the plate end suggests that the interfacial 
shear behaviour, rather than the peeling behaviour dominates in this case which may 
appear counter intuitive. Based on an interfacial shear analysis between the bonded 
plate and the RC beam, and a test database constructed from an extensive literature 
survey, three new models with different levels of accuracy have been developed for 
predicting the flexural debonding moment: the first theoretical model based on an 
interfacial fracture mechanics analysis (model-1); a semi-empirical model based on 
model-1 with much improved accuracy; and a simple empirical model with slightly less 
accuracy than model-2. These three models together with two existing models are 
assessed with the test database containing 67 test data.  
 
The theoretical model is the simplest of all models and provides a reasonable accuracy 
with a conservative prediction for 79% of the test data. This further confirms that the 
interfacial shear behaviour dominates in the flexural debonding failure mode. The 
assessment shows that the proposed models 2 and 3 offer a very good accuracy, but the 
former is slightly complex in form. The proposed model-2 is the most accurate model to 
date followed closely by model-3 and both are suitable for incorporation in design codes 
and guidelines as a reliable predictive debonding strength model. From the development 
of model-3, it is suggested that the yielding of the tension steel reinforcement in the RC 
beam plays a crucial role in initiating the flexural plate end debonding. 
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6.9 Notation 
 
The following symbols are used in this Chapter: 
a  = softening length of the interface; 
ad  = softening length of the interface at initiation of debonding; 
A = cross-sectional area; 
b = width; 
CoV = coefficient of variation; 
de = effective depth of RC beam; 
E = modulus of elasticity; 
 (EI)c,0 
(EI)c,p   
= 
= 
cracked section flexural rigidity of un-plated RC beam; 
cracked section flexural rigidity of plated RC beam; 
f2 = tensile yield strength of steel plate or tensile strength of FRP 
plate; 
fc = cylinder compressive strength of concrete; 
fcu = cubic compressive strength of concrete; 
ft = tensile strength of concrete; 
fy = yield strength of steel reinforcement;  
G
 f = interfacial fracture energy (area under the local bond-slip 
curve); 
I = second moment of area; 
L = length of a bonded joint; 
l = effective span of the plated beam; 
l1 = distance from nearest support to the plate end; 
l2 = distance from nearest support to the loading point (shear span); 
M (x) = bending moment; 
Me  = debonding moment from experiment; 
Mp-1, Mp-2, Mp-3  = debonding moment from proposed models 1, 2 and 3 
respectively; 
MOeh 
MT-Y 
= 
= 
debonding moment from Oehlers and Moran’s (1990) model; 
debonding moment from Teng and Yao’s (2007) model; 
MT(x) = total bending moment at a section of the plated beam; 
MTd  = total bending moment at initiation of debonding; 
Mu,0 = ultimate moment capacity of the un-plated beam section; 
N(x) = axial force; 
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NT(x) = total axial force at a section of the plated beam; 
P = applied transverse load; 
Rb = bending stiffness ratio of plate to beam; 
t = thickness; 
u = longitudinal displacement; 
v = vertical displacement; 
V(x) = shear force; 
VT(x) = total shear force at a section of the plated beam; 
y1, y2 = vertical distance from bottom of the beam and top of the plate to 
their respective centroids; 
α = axial stiffness ratio between plate and original beam including 
steel tension reinforcement; 
αw, αa, αf = width ratio, and axial and flexural rigidity ratio respectively; 
β = ratio between moments at left and right adjacent cracks;  
βw = width ratio parameter used in proposed model-3; 
δ(x) = interfacial slip; 
δ
 1 = slip corresponding to the attainment of τf; 
δ
 f = maximum slip at initiation of debonding; 
λ, m, m1  = parameters defined respectively by Eqs 12b, 12c and 17d;   
ρ = reinforcement ratio; 
φ1; φ2; φ3 = coefficients in proposed models 1, 2 and 3 respectively; 
εe = plate strain at mid-span; 
σ(x)
 
= interfacial normal stress; 
τ(x) = interfacial shear stress; 
τf = bond strength; and 
1; a; 2; s  = subscripts referring respectively to the beam; adhesive; plate 
and  tension steel reinforcement.  
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                                                            Chapter 7 
 
 
Strength Model for Plate End Debonding in FRP and Steel Plated 
Beams 
 
 
Abstract 
 
RC beams strengthened in flexure by adhesive bonded FRP or steel plates on their 
tension face are prone to common and premature plate end debonding failures. Safe 
design of such a strengthened RC beam demands a reliable and predictive debonding 
strength model. Initially, flexural debonding strength models for a plate end located in a 
pure bending region and shear debonding strength models for a plate end located in a 
high shear-zero (or low) moment region are briefly reviewed, followed by providing a 
simple and an explicit shear debonding strength model. The general case of a plate end 
under combined shear and bending is treated as an interaction of these two extreme 
boundary conditions whose debonding strength can be predicted with an interaction 
model. The proposed and existing shear and shear-bending interaction debonding 
strength models are assessed with a carefully constructed large test database of plated 
RC beams reported to have failed by plate end debonding, to demonstrate the simplicity 
and the accuracy of the proposed models that can easily be incorporated in any design 
codes and guidelines.  
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7.1 Introduction 
 
RC beams strengthened in flexure by adhesive bonding of an FRP or steel plate to their 
tension (soffit) face (Figure 7.1) are vulnerable to common and premature plate end 
debonding failures.  This plate end debonding failures that initiate at or near the plate 
ends are found to appear in different modes (Teng and Chen 2009): (1) concrete cover 
separation; (2) interfacial debonding at the adhesive interface; (3) mixed mode 
debonding with a combination of (1) and (2); (4) critical diagonal crack (CDC) initiated 
concrete cover separation; and (5) CDC initiated interfacial debonding. The first three 
types (1-3) of plate end debonding failures are observed in RC beams with plates 
terminated in constant bending moment region (CMR) while all types are observed for 
plates terminated in pure shear or shear-bending interaction regions. These debonding 
failures are brittle in nature and occur well below the full flexural capacity of the plated 
section. Debonding failures should be prevented to make best use of the full strength of 
the plated beam in service. This demands a sound debonding model that can predict the 
debonding strength accurately and reliably.  
 
 
Figure 7.1.  A general flexural-strengthened RC beam 
 
Narayanamurthy et al. (2011) reviewed all flexural debonding models applicable to 
plates terminated in CMR, and additionally proposed three models (model-1, 2 and 3) 
amongst which the models 2 and 3 were shown to be more accurate than the best 
existing model (Teng and Yao, 2007). It was also shown that the model-3 is slightly less 
accurate but simpler than model-2. The objective of this Chapter is to make use of this 
flexural debonding model-3; to independently develop a simple and an explicit shear 
debonding model for plates terminated in a high shear and (zero) or low moment region; 
and to finally propose a shear-bending interaction debonding strength model with 
improved accuracy combining these two models applicable for plates terminated in any 
shear-bending interaction region. The proposed model is applicable to all types of plate 
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end debonding failures in FRP and steel plated RC beams. In this chapter, all flexural, 
shear and shear-bending interaction debonding models are reviewed;  new shear and 
shear-bending interaction debonding strength models are proposed; databases 
containing the test results of 67, 68 and 91 plated RC beams reported to have failed by 
plate end debonding respectively in CMR, pure shear and shear-bending interaction 
regions are compiled from  existing literature; and the proposed and the existing models 
are then assessed against the test results from these databases to demonstrate the 
accuracy and the simplicity of the proposed models.    
 
 
7.2 Flexural Debonding  
 
There are five flexural debonding strength models for predicting the plate end 
debonding failure in the special case of an RC beam with flexural-strengthening plate 
terminated in CMR. These are the three recent models of Narayanamurthy et al. (2011): 
model-1(theoretical model); model-2(semi-empirical model) and model-3(empirical 
model) and two other existing models of Teng and Yao (2007) and Oehlers and Moran 
(1990). These models have been assessed in Narayanamurthy et al. (2011) in detail 
based on 67 test results of FRP and steel plated beams reported to have failed by plate 
end debonding in CMR. This assessment has shown model-2 as the most accurate 
model followed closely by model-3 and then by Teng and Yao’s (2007), model-1 and 
Oehlers and Moran’s (1990). These debonding strength models are briefly summarised 
in this section. 
 
7.2.1 Existing models 
 
Model-1 (Theoretical model) 
 
Behaviour of the plate-RC interface is dominated by interfacial shear stress. 
Considering only mode-II effect of interfacial deformation and using a linearly 
softening bond-slip model, the theoretical debonding moment Mp-1 was formulated as: 
λ
δφ
m
M fp 11 =−          (7.1a) 
where  
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in which δf, τf and Gf refer to the ultimate slip that initiates macro cracking or debonding 
of the local bond element, local bond strength and interfacial fracture energy 
respectively. These bond slip parameters can be determined from Lu et al.’s (2005) bi-
linear bond-slip model for any material and geometric properties of the plated beam. 
The parameters E, A, I, t, and b refer respectively to the elastic modulus, cross-sectional 
area, second moment of area, thickness and breadth; subscripts 1, 2 and a denote the 
beam, plate and adhesive respectively; and y1 and y2 are the distances from the bottom 
of the beam and top of the plate to their respective centroids.  
 
The parameters A1, y1 and E1 in Eq. 7.1b-c shall be replaced respectively by Ac,e, y1 and 
Ic,e which are the elastic sectional properties of the cracked unplated beam section. For a 
rectangular RC section, these properties can be expressed as  
sscec AmybA += 0,1,          (7.1d) 
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where ms is the modular ratio of internal tension steel to concrete and yc,0 is the neutral 
axis depth of unplated beam at its ultimate moment Mu,0.  
 
In Eq. 7.1a, the coefficient φ1 = 1 for prediction and φ1 = 0.786 to make it a 95 
percentile lower bound model suitable for design. 
 
 
Model-2: semi-empirical model 
 
A semi-empirical model is developed by calibrating the theoretical model (Eq. 7.1a) 
with the 67 flexural debonding test results and shown to be the most accurate of all the 
existing and proposed flexural debonding models. The debonding moment is given as   
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( )75.053.751.2325.17 2322 ++−=− αααλδφ mM fp      (7.2a) 
where α is the axial stiffness enhancement ratio given as  
ss AEAE
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22α
          (7.2b) 
The coefficient φ2 is taken as 1.0 for mean strength prediction and 0.758 for 95 
percentile lower bound suitable for design.  The subscript s refers to the steel tension 
reinforcement. 
 
Model-3 (Empirical model) 
 
A thorough study on the effect of various individual factors that contribute to the 
flexural debonding failure in comparison with 67 debonding test results resulted in the 
development of an empirical model influenced by three important governing 
parameters. The debonding moment in model-3 is expressed as:  
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in which  My,0 refer to the first yield moment of the cracked un-plated beam section 
(which should take the ultimate moment capacity Mu,0 for over-reinforced beam 
sections); αf and βw refer to the contribution of the bonded plate to the flexural rigidity 
of the cracked tensile reinforced concrete section and the effect of the width ratio factor 
between the bonded plate and the original beam; (EI)c,p and (EI)c,0 denote the flexural 
rigidity of the cracked tensile reinforced plated and un-plated concrete beam section 
respectively; and the coefficient φ3 = 1.332 for mean debonding strength predictions and 
φ3 = 1.004 for 95 percentile lower bound model for design purposes. 
 
Teng and Yao’s (2007) model 
 
Teng and Yao (2007) proposed an empirical model based on 16 flexural debonding test 
results from 4 steel plated and 12 FRP plated beams to predict the debonding moment.  
The debonding moment from this model is as given below.  
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in which αa denotes axial stiffness ratio; de refers to the effective depth of the beam; and 
αw the width ratio.  
 
Oehlers and Moran’s (1990) model 
 
Based on an approximate elastic theoretical and finite element analyses and subsequent 
calibration with 43 test results of steel plated beams with plates terminated in the CMR, 
Oehlers and Moran (1990) proposed a semi-theoretical flexural debonding model where 
the debonding moment is given as:  
22
,
901.0
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fEI
M tpcOeh =          (7.5) 
where ft refers to the splitting tensile strength of concrete.  
 
7.2.2 Flexural debonding test database 
 
The database containing the test results of 67 RC beams with the bonded plate 
terminated in C.M.R. and reported to have failed by plate end debonding is briefly 
reviewed here as it will be used later in assessing the shear-bending interaction model. 
The geometric and material parameters of these test beams are given in Tables 1 and 2 
and their test results in Table 3 in Narayanamurthy et al. (2011). These tests include 54 
steel plated beams, 9 CFRP plated beams, 2 GFRP plated beams and 2 C-GFRP plated 
beams. In all these tests the bonded plate was not subjected to any prestress or 
anchorage in any form and the beam was not preloaded before being loaded to 
debonding failure. These beams have experienced flexural plate end debonding failure 
either by concrete cover separation or interfacial failure or combination of these two 
modes. These tests cover a wide range of important parameters: (1) elastic modulus of 
plate E2 = 8.8-257 GPa; (2) nominal thickness of plate t2 = 0.165-32 mm; (3) cubic 
strength of the concrete fcu = 25-59 MPa; (4) splitting tensile strength of the concrete ft = 
2.55-4.9 MPa; (5) elastic modulus of concrete E1 = 20-32 GPa; (6) axial stiffness of 
plate per unit width E2t2 = 3.76-315 (x104) N/mm; (7) effective axial stiffness of beam 
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per unit width E1de = 2.44-7.07 (x106) N/mm; (8) flexural rigidity of the cracked plated 
RC beam section (EI)c,p = 0.853-9.293 (x1012) Nmm2;  (9) flexural rigidity of the 
cracked un-plated RC beam section (EI)c,0 = 0.372-5.794 (x1012) Nmm2;  (10) width 
ratio of beam to plate αw = 1.0-4.8; (11) internal tensile reinforcement steel ratio ρs = 
0.44-5.40 %; (12) mode-2 interfacial fracture energy Gf = 0.246-0.879 Nmm/mm2; and 
(13) interfacial bond strength τf  = 2.705-6.758 N/mm2.   
 
 
7.3 Shear Debonding  
 
Shear debonding is the plate end debonding failure initiated by high shear force with 
very low or zero bending moment at the plate end.  This occurs in another special case 
of an RC beam where the bonded plate is terminated at or very close to the support or 
the point of contraflexure. Many shear debonding models exist in literature. All models 
have their own advantages and limitations in terms of accounting for shear 
reinforcement, accuracy and simplicity. A few models are simpler but relatively 
inaccurate, while a few others are better but rather too complex for design use.  Only the 
shear debonding models reported to be best in previous review by Smith and Teng 
(2002a, b) and Teng and Yao (2007) and other models that are found to be good in this 
study are briefly reviewed and discussed here. This is followed by a proposal for a new 
shear debonding strength model of comparable accuracy which includes the effect of 
shear reinforcements in addition to providing an explicit expression for the shear 
debonding capacity.  A test database of 68 RC beams with plates terminated within 
50mm from the support and reported to have failed by plate end debonding is used for 
assessing the performance of the proposed and other existing models in this section. 
 
7.3.1 Existing shear debonding strength models 
 
Oehlers’ (1992) model 
 
Based on experimental observations, Oehlers (1992) proposed that the plate end 
debonding occurs when the shear force at the plate end VOeh-1 reaches the shear capacity 
of the concrete in the RC beam Vuc omitting any contribution from shear links. This is 
given as: 
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where ρs is the tension steel reinforcement ratio given by 
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and fc is the cylinder compressive strength of the concrete.  The above equation for Vuc 
is that given by Australian concrete code (1988) and it is a requirement that [1.4-
(de/2000)] ≥ 1.1. 
 
Smith and Teng’s (2002) model 
 
A comprehensive review and assessment of all debonding models in comparison with a 
large test database of 67 test results of plated beams with plates terminated in any region 
of bending and shear was used by Smith and Teng (2002) to propose a shear debonding 
model by slightly modifying Oehlers’ (1992) model. The debonding shear force VS-T is 
given by  
ucTS VV 5.1=−   subject to the condition  0,67.0)0( uMM ≤   (7.7) 
where M(0) is the bending moment at the plate end and Mu,0 is the ultimate moment 
capacity of the unplated beam. 
 
Oehlers et al.’s (2004) model 
 
Oehlers et al (2004) proposed a passive prestress model to predict the shear debonding 
strength of plated RC beams that fail by critical diagonal crack (CDC) debonding. This 
is basically an extension of Zhang’s (1997) approach that the concrete component of the 
shear capacity depends on the shear to cause a diagonal crack Vcrack and the shear to 
cause sliding along the diagonal crack Vslide. They treated the additional axial force in 
the plate as the passive prestressing force that acts after a diagonal crack is formed 
which in turn increases the shear capacity. Debonding strength is found as the shear 
resistance of the prestressed beam without the internal steel shear reinforcement. 
Debonding shear force VOeh-2 is given by Vcrack or Vslide when Vcrack = Vslide and is 
obtained by an iterative procedure. The expressions are: 
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where l2 is the shear span; x is the horizontal projection of CDC on tension face; ftef is 
the effective tensile strength of the concrete;  ft is the tensile strength of the concrete; mp 
is the modular ratio of plate-to-beam material; Fps is the tendon prestressing force; dps is 
the tendon prestressing force position; Paxial is the maximum axial force in the plate 
which is limited by the IC debonding resistance or the ultimate axial capacity of the 
plate; and f1,  f2 and f3 are the parameters that are functions of fc, t1 and ρs respectively.     
 
Oehlers et al.’s (2005) model 
 
The Iterative approach of Oehlers et al. (2004) model is cumbersome for design use. So, 
a simpler code based approach was proposed by Oehlers et al. (2005) for the debonding 
shear strength VOeh-3 as: 
axialcodeuOeh PVV 15.0)( 0,3 +=−         (7.9) 
 
where Vu,0 is the shear capacity of the prestressed or unprestressed concrete beam 
neglecting internal steel shear reinforcement from Eurocode (1992). For non-prestressed 
beams Vu,0 = Vuc from any design code.   
 
Teng and Yao’s (2007) model 
 
Teng and Yao (2007) added the contribution of internal steel shear reinforcement to the 
Oehlers et al.’s (2004) model and proposed a new debonding strength model as:  
stevplconYT VVVV ,)( ε++=−                  (7.10a) 
where  
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in which Asv, Esv and sv refer to the cross-sectional area of the two legs of each vertical 
stirrup, the elastic modulus and the longitudinal spacing of the steel shear stirrups 
respectively. Note that the expression for the effective strain in stirrups εv,e in Eq. 7.10c 
is the corrected expression as there is a typographical error in the versions published by 
Teng and Yao (2007) and Teng and Chen (2009).  The expression in Eq. 7.10c is the 
best fit for εv,e from 8 test results from this research group for the RC beams without 
shear reinforcement and with plates terminated within 50 mm from the support.  
 
 Collotti et al.’s (2004) model 
 
Collotti et al. (2004) proposed a model based on truss analogy to predict the debonding 
strength and failure modes of plated RC beams. Four different expressions are provided 
for four corresponding failure modes: (1) plate-debonding failure; (2) shear failure; (3) 
tension/concrete crushing failure; and (4) plate rupture. The actual failure load or the 
load carrying capacity of the plated beam is found as the minimum of the values from 
the four expressions.  
 
Gao et al.’s (2005) model 
 
Gao et al.’s model predicts the load carrying capacity of plated RC beams that fail by 
concrete cover separation. This model predicts that the interfacial stresses between the 
concrete cover and the tension steel reinforcement are inversely proportional to cover 
thickness.  
 
Casas and Pascual’s (2007) model 
  
Casas and Pascual (2007) developed a single model to predict the debonding strength of 
plated RC beams that fail either by plate end debonding or by IC debonding. Their 
model is very sensitive to adhesive parameters, many of which are not available during 
the construction of the test database and any assumed value under estimates its 
accuracy. So, this model will not be used in further comparisons.  
 
The models of Collotti et al. (2004) and Gao et al. (2005) will not be used in these 
comparisons due to their limitations as described in Teng and Yao (2007).  
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7.3.2 Proposed shear debonding strength model 
 
The detailed analysis of all the better performing shear debonding strength models in 
comparison with the shear debonding test database of 68 plated RC beams reveals that 
the major contribution to the shear debonding strength comes from the concrete 
component of the shear capacity neglecting shear reinforcement Vuc and to a small 
extent from the shear reinforcement and the bonded plate. So the debonding shear 
strength contributed by the vertical stirrups-shear reinforcement and the soffit plate are 
combined and added to Vuc to provide a better debonding strength model as given 
below.  
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where Vp is the predicted debonding strength in kN from the proposed model and f2 = 
yield strength for steel plate and ultimate strength for FRP plate. Vuc in kN can be 
calculated from any design codes or guidelines. It has been demonstrated by Oehlers 
(1992) through experiments on steel plated RC beams that the effect of shear 
reinforcement stirrups does not significantly alter the shear debonding strength of plated 
RC beams but they influence the type of plate end debonding failure (such as concrete 
cover separation or plate end interfacial debonding or a combination of these two modes 
or such failures initiated from CDC). This is also evidenced from the test results of 
Teng and Yao (2007) from FRP plated RC beams where minimal changes are observed 
in the experimental shear debonding strength due to the presence of vertical stirrups. 
However, their inclusion helps to improve the accuracy of the proposed model. Similar 
observations are found with the contribution of bonded plate to the shear debonding 
capacity which can also be understood from Oehlers et al. (2004) and Teng and Yao 
(2007).  
 
7.3.3 Shear debonding test database 
 
The database comprises test results for 68 RC beams with the bonded plate terminated 
within 0-50 mm from the support so that they experience high shear with zero or low 
bending moment from 21 existing studies in published literature.  The geometric and 
material parameters and the results of these beams are given in Tables 7.1a-c and 7.2a-c. 
They include 12 steel plated beams, 48 CFRP plated beams (32 with pultruded and 16 
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with wet lay-up plates) and 8 GFRP plated beams (7 with pultruded and 1 with wet lay-
up plates).  In all cases the bonded plate was not subjected to any prestress, not tapered 
or anchored in any form, nor preloaded before loading. These beams have experienced 
shear plate end debonding failure either by concrete cover separation or interfacial 
failure or by combination of these two modes that initiated from CDC. These tests cover 
a wide range of influencing parameters: (1) elastic modulus of plate E2 = 10.3-300 GPa; 
(2) nominal thickness of plate t2 = 0.33-12 mm; (3) cubic strength of the concrete fcu = 
20-78.6 MPa; (4) splitting tensile strength of the concrete ft = 2.1-4.5 MPa; (5) elastic 
modulus of concrete E1 = 19-40 GPa; (6) axial stiffness of plate per unit width E2t2 = 
4.33-252 (x104) N/mm; (7) effective axial stiffness of beam per unit width E1de = 2.29-
13.57 (x106) N/mm; (8) flexural rigidity of the cracked plated RC beam section (EI)c,p = 
9.65-4150 (x1010) Nmm2;  (9) flexural rigidity of the cracked un-plated RC beam 
section (EI)c,0 = 9.41-1680 (x1010) Nmm2;  (10) width ratio of beam to plate αw = 1.0-
3.33; (11) internal tensile reinforcement steel ratio ρs = 0.075-3.202 %; (12) mode-2 
interfacial fracture energy Gf = 0.250-0.754 Nmm/mm2; and (13) interfacial bond 
strength τf  = 2.639-6.514 N/mm2.   
 
Tables 7.1a-c give the details of RC beams and adhesive while Tables 7.2a-c give the 
details of plate, loading and shear debonding tests together with predictions from the 
various shear debonding strength models. In Tables 7.2a-c, Ve refers to the debonding 
shear force from the test result; 4PB = four point bending; 3PB = three point bending; 
UDL = uniformly distributed load. The adhesive thickness ta was not available in most 
of the 68 test database. In such cases the following values are used: ta = 2 mm for steel 
and pultruded FRP plates; and ta = [total thickness of FRP plate including adhesive tpa – 
nominal thickness of all FRP sheets t2]. For the few cases where tpa was not available, it 
was calculated by assuming the thickness of adhesive layer between each FRP layer as 
0.42mm. This methodology and assumptions adopted in ta calculation are very similar to 
the approach adopted by Smith and Teng (2002b) to make best use of the available test 
database without rejecting them merely for the non availability of ta. Also accurate 
measurement of ta is not always possible in many cases particularly for wet lay-up FRP 
plates and a best debonding model for design use should be least sensitive to the 
adhesive material and geometric parameters. The proposed and the existing models 
compared here are only marginally influenced by adhesive thickness and are 
independent of adhesive material properties. Where only some concrete material 
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properties such as ft,  fcu and cylinder strength fc were available, others have been 
determined using the following relationships  
cuc ff 79.0=       (BS 8110, 1997)                      (7.12a)       
ct ff 53.0=      (ACI 318-02, 2002)                      (7.12b) 
cfE 47301 =                            (ACI 318-02, 2002)                      (7.12c) 
in which fc and fcu are in MPa. 
 
7.3.4 Comparison of shear debonding strength models 
 
The proposed shear debonding model (Eq. 7.11) and the first five existing models 
reviewed earlier such as: (1) Oehlers’ (1992); (2) Oehlers et al.’s (2004); (3) Oehlers et 
al.’s (2005); (4) Smith and Teng’s (2002); and (5) Teng and Yao’s (2007) provided in 
Eqs 7.6 – 7.10 are assessed (Figures 7.2a-f) against 68 test results from the shear 
debonding test database. The predictions from different models are compared with 
measured strength Ve in Tables 7.2a-c and their statistical performances are summarised 
in Tables 7.3a-b.  
 
It can be seen from this comparison that the Oehlers et al.’s (2004) shows the least 
scatter among all existing models with the lowest CoV, and it provides conservative 
predictions for 80% of test results. However, this model is very cumbersome due to the 
iterative solution procedure and it is therefore unsuitable for routine design use. The 
proposed model offers better accuracy than that of Oehlers et al.’s (2004) but with 
slightly higher CoV. Only 10% of the test data have their test-to-prediction ratio 
between 0.5-0.75 and 50% of its predictions are conservative with a maximum test-to-
prediction ratio reaching 1.6. Oehlers’ (1992) model under-predicts the test results and 
is highly conservative. Smith and Teng’s (2002) model which is an extension of 
Oehlers’ (1992) also under-predicts 95% of the test results. But its under-prediction is 
reasonable and lesser than that of Oehlers’ (1992) model.  Oehlers et al.’s (2005) 
predictions are similar to that of Oehlers (1992) and its maximum conservative 
predictions lies between that of Smith and Teng’s (2002) and Oehelers’ (1992). The 
predictions of Teng and Yao’s (2007) are conservative for about 95% of the test data 
but this model offers same level of difficulty for design use as it is an extension of 
Oehlers et al.’s (2004) model.  
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Table 7.1a: Shear debonding test database-RC beam; internal tension and shear reinforcement; and adhesive details 
Reference S.No. Specimen b1 t1 de l fc fcu ft E1 Es fy As Esv fyv Asv sv Ea ta 
   
(mm) (mm) (mm) (mm) (MPa) (MPa) (MPa) (GPa) (GPa) (MPa) (mm2) (GPa) (MPa) (mm2) (mm) (GPa) (mm) 
Ritchie et al. (1991) 1 G 152 305 251 2438 43.0 53.8 3.5 25.5 200 414 253 200 414 99 102 8.50 2.00 
 2 M 152 305 251 2438 43.0 53.8 3.5 25.5 200 414 253 200 414 99 102 8.50 2.00 
Quantrill et al. (1996a) 3 B2 100 100 84 900 42.4 53.0 3.5 34.0 215 350 85 215 350 14 50 11.56 2.00 
 4 B3 100 100 84 900 42.4 53.0 3.5 34.0 215 350 85 215 350 14 50 11.56 2.00 
 5 B4 100 100 84 900 42.4 53.0 3.5 34.0 215 350 85 215 350 14 50 11.56 2.00 
 6 B6 100 100 84 900 42.4 53.0 3.5 34.0 215 350 85 215 350 14 50 11.56 2.00 
Quantrill et al. (1996b) 7 A1c 100 100 84 900 55.3 70.0 3.9 35.2 215 350 85 215 350 14 100 11.56 2.00 
 8 A2b 100 100 84 900 33.2 42.0 3.1 27.2 215 350 85 215 350 14 100 11.56 2.00 
 9 A2c 100 100 84 900 33.2 42.0 3.1 27.2 215 350 85 215 350 14 100 11.56 2.00 
Garden et al. (1997) 10 1Au 100 100 84 900 47.3 59.1 4.2 39.9 215 350 85 215 350 14 51 11.56 2.00 
 11 1Bu 100 100 84 900 47.3 59.1 4.2 39.9 215 350 85 215 350 14 51 11.56 2.00 
 12 1B2u 100 100 84 900 47.3 59.1 4.2 39.9 215 350 85 215 350 14 51 11.56 2.00 
 13 1Cu 100 100 84 900 47.3 59.1 4.2 39.9 215 350 85 215 350 14 51 11.56 2.00 
 14 2Au 100 100 84 900 47.3 59.1 4.2 39.9 215 350 85 215 350 14 50 11.56 2.00 
 15 2Bu 100 100 84 900 47.3 59.1 4.2 39.9 215 350 85 215 350 14 51 11.56 2.00 
 16 2Cu 100 100 84 900 47.3 59.1 4.2 39.9 215 350 85 215 350 14 51 11.56 2.00 
 17 3Au 100 100 84 900 47.3 59.1 4.2 39.9 215 350 85 215 350 14 50 11.56 2.00 
 18 3Bu 100 100 84 900 47.3 59.1 4.2 39.9 215 350 85 215 350 14 50 11.56 2.00 
 19 3Cu 100 100 84 900 47.3 59.1 4.2 39.9 215 350 85 215 350 14 50 11.56 2.00 
Garden et al. (1998) 20 B1u,1.0 100 100 84 900 43.2 54.0 3.5 31.1 215 350 85 215 350 14 51 8.60 2.00 
 21 B2u,1.0 100 100 84 900 43.2 54.0 3.5 31.1 215 350 85 215 350 14 51 8.60 2.00 
 22 B1u,2.3 130 230 206 2200 37.6 47.0 3.2 29.0 220 556 236 220 350 57 150 8.60 2.00 
Ahmed & van Gemert (1999a) 23 DF.2 125 225 193 1500 46.0 57.5 3.6 30.0 185 568 151 185 553 57 100 7.20 - 
 24 DF.3 125 225 193 1500 46.0 57.5 3.6 30.0 185 568 151 185 553 57 100 7.20 - 
 25 DF.4 125 225 193 1500 46.0 57.5 3.6 30.0 185 568 151 185 553 57 100 7.20 - 
Tumialan et al. (1999) 26 A3 150 300 250 2130 51.7 64.6 3.8 34.0 207 427 792 207 427 143 125 2.00 - 
 27 A8 150 300 250 2130 51.7 64.6 3.8 34.0 207 427 792 207 427 143 125 2.00 - 
 28 C2 150 300 250 2130 51.7 64.6 3.8 34.0 207 427 792 207 427 143 250 2.00 - 
Juvandes et al. (1998) 29 B7 75 150 250 1500 37.0 46.3 3.2 28.8 200 190 14 200 190 14 60 10.25 2.50 
Hau (1999) 30 5 150 250 205 1500 40.6 50.8 3.4 30.2 231 537 157 231 537 157 100 3.26 0.37 
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Table 7.1b: Shear debonding test database-RC beam; internal tension and shear reinforcement; and adhesive details 
Reference S.No. Specimen b1 t1 de l fc fcu ft E1 Es fy As Esv fyv Asv sv Ea ta 
   
(mm) (mm) (mm) (mm) (MPa) (MPa) (MPa) (GPa) (GPa) (MPa) (mm2) (GPa) (MPa) (mm2) (mm) (GPa) (mm) 
Ross et al. (1999) 31 1B 200 200 152 2742 54.8 68.5 3.9 34.5 200 410 396 200 410 143 102 8.50 2.00 
 32 1C 200 200 152 2742 54.8 68.5 3.9 34.5 200 410 396 200 410 143 102 8.50 2.00 
 33 2B 200 200 152 2742 54.8 68.5 3.9 34.5 200 410 396 200 410 143 102 8.50 2.00 
 34 2C 200 200 152 2742 54.8 68.5 3.9 34.5 200 410 396 200 410 143 102 8.50 2.00 
 35 2D 200 200 152 2742 54.8 68.5 3.9 34.5 200 410 396 200 410 143 102 8.50 2.00 
 36 3B 200 200 152 2742 54.8 68.5 3.9 34.5 200 410 396 200 410 143 102 8.50 2.00 
 37 3C 200 200 152 2742 54.8 68.5 3.9 34.5 200 410 396 200 410 143 102 8.50 2.00 
 38 3D 200 200 152 2742 54.8 68.5 3.9 34.5 200 410 396 200 410 143 102 8.50 2.00 
Oehlers (1992) 39 1/4/S 130 175 147 1650 42.0 52.5 3.2 22.0 200 444 402 210 568 25 500 8.50 2.00 
Gao et al. (2004) 40 1T6LN 150 200 162 1500 47.8 60.5 3.7 32.5 200 460 157 200 250 101 75 8.50 - 
 41 2T6LN 150 200 162 1500 62.1 78.6 4.2 37.1 200 460 157 200 250 101 75 8.50 - 
 42 2T4LN 150 200 162 1500 62.1 78.6 4.2 37.1 200 460 157 200 250 101 75 8.50 - 
Valcuende et al. (2003) 43 A-S1 100 150 128 1000 39.5 49.9 3.3 29.7 200 500 157 200 500 57 100 8.50 2.00 
 44 A-S2 100 150 128 1000 39.5 49.9 3.3 29.7 200 500 157 200 500 57 100 8.50 2.00 
 45 B-S1 100 150 128 1000 41.6 52.6 3.4 30.5 200 500 157 200 500 57 100 8.50 2.00 
 46 B-S2 100 150 128 1000 41.6 52.6 3.4 30.5 200 500 157 200 500 57 100 8.50 2.00 
Smith & Teng (2003) 47 1B 154 250 215 1500 31.1 39.4 2.4 23.3 207 506 157 207 506 157 100 8.50 - 
 48 3B 151 250 215 1500 44.7 56.6 3.2 29.0 207 506 157 207 506 157 100 8.50 - 
Ahmed et al. (2001) 49 AF4 125 225 193 1500 41.0 51.9 2.8 30.0 185 568 101 185 553 57 71 8.50 - 
Rahimi & Hutchinson (2001) 50 A10 200 150 120 2100 48.6 61.5 3.0 25.0 210 575 157 200 250 57 150 8.50 2.00 
 51 A11 200 150 120 2100 48.6 61.5 3.0 25.0 210 575 157 200 250 57 150 8.50 2.00 
Mohammed Ali (2001) 52 SP01 200 370 340 2300 48.9 61.1 4.5 39.9 210 444 942 0 0 0 1 8.50 2.00 
 53 SP-T6 200 370 340 2400 35.3 44.1 3.6 34.3 210 444 1257 210 500 157 100 8.50 2.00 
 54 SP-T12 200 370 340 2400 35.3 44.1 3.6 34.3 210 444 1257 210 500 157 100 8.50 2.00 
Luo (1993) 55 FP/B2/L 130 180 150 1000 38.1 47.6 3.6 34.2 210 444 402 0 0 0 1 8.50 2.00 
 56 FP/B2/R 130 180 150 1000 39.1 48.9 3.6 34.2 210 444 402 0 0 0 1 8.50 2.00 
 57 FP/B3/L 130 180 150 1000 40.1 50.1 3.6 34.2 210 444 402 0 0 0 1 8.50 2.00 
 58 FP/B3/R 130 180 150 1000 41.1 51.4 3.6 34.2 210 444 402 0 0 0 1 8.50 2.00 
 59 FP/B4/L 130 180 150 1000 42.1 52.6 3.6 34.2 210 444 402 0 0 0 1 8.50 2.00 
 60 FP/B4/R 130 180 150 1000 42.1 52.6 3.6 34.2 210 444 402 0 0 0 1 8.50 2.00 
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Table 7.1c: Shear debonding test database-RC beam; internal tension and shear reinforcement; and adhesive details 
Reference S.No. Specimen b1 t1 de l fc fcu ft E1 Es fy As Esv fyv Asv sv Ea ta 
   
(mm) (mm) (mm) (mm) (MPa) (MPa) (MPa) (GPa) (GPa) (MPa) (mm2) (GPa) (MPa) (mm2) (mm) (GPa) (mm) 
Yao & Teng (2007) 61 CS-B 150 253 217 1500 24.6 30.7 3.1 25.3 199 536 157 199 536 157 100 8.50 1.41 
 62 CS-L3-B 151 253 217 1500 26.3 32.9 3.5 27.2 199 536 157 199 536 157 100 8.50 2.14 
 63 CS-W100-B 151 254 214 1500 30.2 37.8 3.3 24.3 199 536 157 199 536 157 100 8.50 1.62 
 64 CP-B 151 253 218 1500 29.6 37.0 3.8 27.4 199 536 157 199 536 157 100 8.50 2.00 
 65 SP-B 151 253 214 1500 28.3 35.4 3.7 26.5 199 536 157 199 536 157 100 8.50 2.00 
 66 CS-C10-B 151 253 236 1500 21.8 27.3 4.0 30.0 199 536 157 199 536 157 750 8.50 1.53 
Aprile & Feo (2007) 67 SB4/01/0.95 150 250 210 2000 16.0 20.0 2.1 6.9 210 515 942 210 515 57 200 8.50 2.00 
Jones et al. (1988) 68 F31 155 225 190 2300 42.9 53.6 3.6 31.0 200 430 943 200 324 57 75 0.28 1.50 
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Table 7.2a: Shear debonding test database-Plate and loading details; shear debonding model- tests versus predictions 
Reference S.No. Specimen b2 t2 E2 f2 Type l1 l2 Load Ve Vp VOeh-1 VOeh-2 VOeh-3 VS-T VT-Y 
   
(mm) (mm) (GPa) (GPa)  (mm) (mm)  (kN) (kN) (kN) (kN) (kN) (kN) (kN) 
Ritchie et al. (1991) 1 G 152 4.19 10.3 0.18 G-P 0 914 4PB 62.9 56.2 32.0 52.7 35.7 48.0 186.1 
 2 M 152 1.27 117.9 1.49 C-P 0 914 4PB 72.1 66.5 32.0 54.6 38.8 48.0 68.5 
Quantrill et al. (1996a) 3 B2 80 1.20 49 1.08 G-P 20 300 4PB 17.0 21.8 8.6 17.7 11.0 12.9 20.0 
 4 B3 30 1.20 49 1.08 G-P 20 300 4PB 12.3 15.8 8.6 17.2 9.9 12.9 19.0 
 5 B4 60 1.60 49 1.08 G-P 20 300 4PB 17.5 21.8 8.6 17.7 10.8 12.9 19.3 
 6 B6 80 1.20 118.5 0.99 C-P 20 300 4PB 20.4 21.1 8.6 18.3 11.5 12.9 18.9 
Quantrill et al. (1996b) 7 A1c 80 1.20 49 1.08 G-P 20 300 4PB 22.0 22.3 9.4 20.4 12.1 14.1 22.0 
 8 A2b 80 1.20 49 1.08 G-P 20 300 4PB 18.4 20.8 7.9 15.6 10.1 11.9 16.6 
 9 A2c 80 1.20 49 1.08 G-P 20 300 4PB 18.7 20.8 7.9 15.6 10.1 11.9 16.6 
Garden et al. (1997) 10 1Au 90 0.50 111 1.27 C-P 20 300 4PB 19.8 18.0 8.9 18.8 11.5 13.4 21.4 
 11 1Bu 65 0.70 111 1.27 C-P 20 300 4PB 18.3 18.1 8.9 18.8 11.4 13.4 20.5 
 12 1B2u 65 0.70 111 1.27 C-P 20 300 4PB 18.2 18.1 8.9 18.8 11.4 13.4 20.5 
 13 1Cu 45 1.00 111 1.27 C-P 20 300 4PB 16.0 18.0 8.9 18.7 11.0 13.4 19.8 
 14 2Au 90 0.50 111 1.27 C-P 20 340 4PB 19.3 18.0 8.9 18.0 11.6 13.4 20.7 
 15 2Bu 65 0.70 111 1.27 C-P 20 340 4PB 17.0 18.1 8.9 18.1 11.7 13.4 19.8 
 16 2Cu 45 1.00 111 1.27 C-P 20 340 4PB 17.8 18.0 8.9 18.0 11.4 13.4 19.1 
 17 3Au 90 0.50 111 1.27 C-P 20 400 4PB 19.5 18.0 8.9 17.0 11.6 13.4 19.7 
 18 3Bu 65 0.70 111 1.27 C-P 20 400 4PB 17.3 18.1 8.9 17.1 11.7 13.4 18.8 
 19 3Cu 45 1.00 111 1.27 C-P 20 400 4PB 15.4 18.0 8.9 17.0 11.5 13.4 18.2 
Garden et al. (1998) 20 B1u,1.0 67 0.82 111 1.41 C-P 20 300 4PB 18.3 19.6 8.7 18.1 11.1 13.0 19.4 
 21 B2u,1.0 67 0.82 111 1.41 C-P 20 300 4PB 16.0 19.6 8.7 18.1 11.1 13.0 19.4 
 22 B1u,2.3 90 1.28 115 1.28 C-P 40 844 4PB 50.2 43.8 24.0 34.4 28.8 36.1 39.5 
Ahmed & van Gemert (1999a) 23 DF.2 75 0.334 240 3.50 C-W 50 500 4PB 60.3 38.0 20.8 40.8 23.3 31.1 51.1 
 24 DF.3 75 0.501 240 3.50 C-W 50 500 4PB 60.0 41.2 20.8 41.1 23.5 31.1 46.9 
 25 DF.4 75 0.668 240 3.50 C-W 50 500 4PB 62.8 44.2 20.8 41.4 23.7 31.1 45.3 
Tumialan et al. (1999) 26 A3 150 0.495 230 3.40 C-W 0 1065 3PB 86.1 87.1 49.2 63.7 55.4 73.9 183.7 
 27 A8 75 0.990 230 3.40 C-W 0 1065 3PB 98.2 87.1 49.2 63.7 55.4 73.9 118.0 
 28 C2 150 0.495 230 3.40 C-W 0 1065 3PB 79.3 83.5 49.2 63.7 55.4 73.9 123.7 
Juvandes et al. (1998) 29 B7 50 1.20 150 2.40 C-P 10 650 4PB 12.5 23.6 7.2 13.1 10.2 10.8 14.8 
Hau (1999) 30 5 150 2.64 19.7 0.26 G-W 50 500 4PB 79.4 50.0 23.6 50.0 26.1 35.4 95.7 
Note: Ve is debonding strength from experiment and Vp; VOeh-1; VOeh-2; VOeh-3; VS-T; and VT-Y are debonding strength predictions from Eqs 7.11; 7.6; 7.8; 7.9; 7.7; and 7.10 respectively.  
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Table 7.2b: Shear debonding test database-Plate and loading details; shear debonding model- tests versus predictions 
Reference S.No. Specimen b2 t2 E2 f2 Type l1 l2 Load Ve Vp VOeh-1 VOeh-2 VOeh-3 VS-T VT-Y 
   
(mm) (mm) (GPa) (GPa)  (mm) (mm)  (kN) (kN) (kN) (kN) (kN) (kN) (kN) 
Ross et al. (1999) 31 1B 200 0.45 138 2.21 C-P 1 914 4PB 40.1 65.4 36.0 55.2 42.1 54.0 99.6 
 32 1C 200 0.45 138 2.21 C-P 1 914 4PB 35.6 65.4 36.0 55.2 42.1 54.0 99.6 
 33 2B 200 0.45 138 2.21 C-P 1 914 4PB 49.0 65.4 36.0 55.2 42.1 54.0 99.6 
 34 2C 200 0.45 138 2.21 C-P 1 914 4PB 35.6 65.4 36.0 55.2 42.1 54.0 99.6 
 35 2D 200 0.45 138 2.21 C-P 1 914 4PB 40.1 65.4 36.0 55.2 42.1 54.0 99.6 
 36 3B 200 0.45 138 2.21 C-P 1 914 4PB 54.5 65.4 36.0 55.2 42.1 54.0 99.6 
 37 3C 200 0.45 138 2.21 C-P 1 914 4PB 54.1 65.4 36.0 55.2 42.1 54.0 99.6 
 38 3D 200 0.45 138 2.21 C-P 1 914 4PB 54.3 65.4 36.0 55.2 42.1 54.0 99.6 
Oehlers (1992) 39 1/4/S 130 5.00 210 0.27 S 50 550 4PB 41.0 44.6 24.3 48.8 34.9 36.5 48.9 
Gao et al. (2004) 40 1T6LN 150 0.66 235 4.20 C-W 20 500 4PB 58.1 58.3 21.7 46.3 28.4 32.5 53.6 
 41 2T6LN 150 0.66 235 4.20 C-W 20 500 4PB 68.0 60.6 23.6 53.0 31.1 35.5 61.0 
 42 2T4LN 150 0.44 235 4.20 C-W 20 500 4PB 66.7 53.3 23.6 52.2 29.8 35.5 65.6 
Valcuende et al. (2003) 43 A-S1 50 1.20 165 2.60 C-P 50 400 4PB 39.3 33.0 13.4 23.6 15.2 20.2 25.4 
 44 A-S2 50 1.20 165 2.60 C-P 50 400 4PB 42.1 33.0 13.4 23.6 15.2 20.2 25.4 
 45 B-S1 50 1.20 165 2.60 C-P 50 400 4PB 35.1 33.2 13.7 24.3 15.5 20.5 26.2 
 46 B-S2 50 1.20 165 2.60 C-P 50 400 4PB 37.8 33.2 13.7 24.3 15.5 20.5 26.2 
Smith & Teng (2003) 47 1B 150 0.33 271 3.72 C-W 25 500 4PB 66.8 53.4 22.6 45.0 25.9 33.9 71.5 
 48 3B 147 0.33 257 4.52 C-W 50 500 4PB 65.3 58.4 25.2 53.5 28.2 37.8 87.1 
Ahmed et al. (2001) 49 AF4 75 0.334 240 3.50 C-W 50 500 4PB 55.5 36.1 17.4 37.3 20.0 26.2 47.5 
Rahimi & Hutchinson (2001) 50 A10 150 0.80 127 1.53 C-P 0 750 4PB 33.8 42.8 22.0 39.7 28.8 32.9 41.2 
 51 A11 150 0.80 127 1.53 C-P 0 750 4PB 34.7 42.8 22.0 39.7 28.8 32.9 41.2 
Mohammed Ali (2001) 52 SP01 200 10.00 210 0.33 S 50 1150 3PB 140.0 133.2 73.5 123.0 107.4 110.2 123.0 
 53 SP-T6 200 6.00 210 0.37 S 50 1200 3PB 113.0 134.1 72.5 100.3 97.2 108.8 107.2 
 54 SP-T12 200 12.00 210 0.31 S 50 1200 3PB 113.0 146.8 72.5 115.6 105.7 108.8 118.9 
Luo (1993) 55 FP/B2/L 130 3.00 210 0.32 S 0 500 3PB 46.8 39.7 23.8 42.7 32.0 35.8 42.7 
 56 FP/B2/R 130 3.00 210 0.32 S 0 500 3PB 50.0 40.0 24.0 43.2 32.3 36.1 43.2 
 57 FP/B3/L 130 5.00 210 0.32 S 0 500 3PB 64.2 46.2 24.2 47.5 34.1 36.4 47.5 
 58 FP/B3/R 130 5.00 210 0.32 S 0 500 3PB 70.8 46.5 24.4 48.0 34.4 36.7 48.0 
 59 FP/B4/L 130 10.00 210 0.29 S 0 500 3PB 85.0 57.2 24.6 56.5 37.3 37.0 56.5 
 60 FP/B4/R 130 10.00 210 0.29 S 0 500 3PB 78.7 57.2 24.6 56.5 37.3 37.0 56.5 
Note: Ve is debonding strength from experiment and Vp; VOeh-1; VOeh-2; VOeh-3; VS-T; and VT-Y are debonding strength predictions from Eqs 7.11; 7.6; 7.8; 7.9; 7.7; and 7.10 respectively.  
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Table 7.2c: Shear debonding test database-Plate and loading details; shear debonding model- tests versus predictions 
Reference S.No. Specimen b2 t2 E2 f2 Type l1 l2 Load Ve Vp VOeh-1 VOeh-2 VOeh-3 VS-T VT-Y 
   
(mm) (mm) (GPa) (GPa)  (mm) (mm)  (kN) (kN) (kN) (kN) (kN) (kN) (kN) 
Yao & Teng (2007) 61 CS-B 148 0.33 256 4.11 C-W 50 500 3PB 54.3 52.6 20.7 38.8 22.2 31.0 61.4 
 62 CS-L3-B 148 0.495 256 4.11 C-W 50 500 3PB 52.3 58.4 21.2 41.3 23.3 31.9 55.5 
 63 CS-W100-B 100 0.33 256 4.11 C-W 50 500 3PB 53.9 50.4 22.0 43.4 23.5 33.0 69.2 
 64 CP-B 148 1.20 165 2.80 C-P 50 500 3PB 50.7 68.5 22.1 45.2 25.0 33.2 53.5 
 65 SP-B 148 2.00 174 0.16 S 50 500 3PB 45.5 44.5 21.6 46.7 25.4 32.4 50.8 
 66 CS-C10-B 148 0.33 256 4.11 C-W 50 500 3PB 66.3 43.8 20.9 36.7 22.4 31.4 40.4 
Aprile & Feo (2007) 67 SB4/01/0.95 50 1.40 300 1.45 C-P 50 696 UDL 49.3 49.6 31.9 35.9 33.7 47.9 37.6 
Jones et al. (1988) 68 F31 125 6.00 200 0.25 S 50 767 4PB 91.0 70.0 42.7 67.9 57.1 64.1 69.0 
Note: Ve is debonding strength from experiment and Vp; VOeh-1; VOeh-2; VOeh-3; VS-T; and VT-Y are debonding strength predictions from Eqs 7.11; 7.6; 7.8; 7.9; 7.7; and 7.10 respectively.  
 
 
Table 7.3a: Shear debonding model- test-to-predicted debonding strength ratios 
Model Average  Coefficient of 
variation 
Maximum Minimum 
Proposed model: (Ve/Vp) 1.032 0.251 1.589 0.530 
Oehlers (1992): (Ve/VOeh-1) 2.174 0.278 3.449 0.990 
Oehlers et al. (2004): (Ve/VOeh-2) 1.169 0.234 1.805 0.645 
Oehlers et al. (2005): (Ve/VOeh-3) 1.773 0.303 3.038 0.845 
Smith & Teng (2002): (Ve/VS-T) 1.449 0.278 2.299 0.660 
Teng & Yao (2007): (Ve/VT-Y) 0.965 0.328 1.657 0.338 
 
Table 7.3b: Shear debonding model-natural logarithm of test-to-predicted debonding strength ratios 
Model Average  Standard 
deviation 
Maximum Minimum 
Proposed model: ln(Ve/Vp) 0.000 0.258 0.463 -0.636 
Oehlers (1992): ln(Ve/VOeh-1) 0.736 0.294 1.238 -0.010 
Oehlers et al. (2004): ln(Ve/VOeh-2) 0.128 0.241 0.591 -0.439 
Oehlers et al. (2005): ln(Ve/VOeh-3) 0.527 0.308 1.111 -0.168 
Smith & Teng (2002): ln(Ve/VS-T) 0.330 0.294 0.833 -0.416 
Teng & Yao (2007): ln(Ve/VT-Y) -0.097 0.375 0.505 -1.085 
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The statistical performance of the natural logarithm of test-to-predicted debonding 
strength ratios of the five models are provided in Table 7.3b. Ideally, the average, 
maximum and minimum should be nearer to zero; and the standard deviation should be 
less for any good debonding model. The positive and negative sign in average, 
maximum and minimum can be considered as a representation of the extent of 
conservative and unconservative predictions respectively. Based on the above 
comparisons, it is found that only the present model offers good accuracy with 
reasonable conservatism and is easy to incorporate in any design codes.  
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(c) Oehlers et al.’s (2004) model 
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(d) Oehlers et al.’s (2005) model 
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(e) Smith and Teng’s (2002) model 
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(e) Teng and Yao’s (2007) model 
Figure 7.2.  Comparison of shear debonding models: tests versus predictions 
 
 
7.4 Shear-Bending Interaction Debonding Model 
 
Debonding models applicable to two extreme cases of bending moment (M) or shear 
force (V) in the beam at the plate end locations have been discussed in preceding 
sections. This has shown that debonding occurs at M = Mprediction when V→0; and V = 
Vprediction when M→0, respectively for beams with plates terminated in CMR and nearer 
to support. The plate end debonding in any general case of a plated beam is due to the 
combination of both M and V. The interfacial stresses on either the adhesive-concrete or 
in tension reinforcement-composite plate (the bonded plate and concrete cover 
impregnated with adhesive behave as a composite plate located just below tension 
reinforcement); and the shear forces causing crack growth and sliding in concrete that 
are believed and proven by previous studies to be responsible for plate end debonding 
failures are influenced by both the applied moment and the shear force at the plate end. 
A strong interaction between bending moment and shear force exists at the plate end in 
any general case of a plated RC beam. The debonding load in such situations can be 
estimated from an interaction debonding model. Three such interaction models existing 
in literature are from Oehlers (1992), Smith and Teng (2003) and Teng and Yao (2007). 
These models have been developed from the models pertinent to the two extreme cases 
of M (flexural debonding) and V (shear debonding). The accuracy, simplicity and the 
adaptability of the final interaction model obviously depends on the two constituent 
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models for the extreme situations. The limitations in the existing extreme debonding 
models discussed previously demands the development of a new interaction model. This 
section presents a brief review of existing interaction models followed by the proposed 
new interaction model, shear-bending interaction debonding test database and the 
comparison of all the studied interaction models. 
 
7.4.1 Existing shear-bending interaction debonding strength models 
 
Oehlers’ (1992) model 
 
Based on Oehlers and Moran’s (1990) flexural debonding model and Oehlers’s (1992) 
shear debonding strength model in combination with experimental observations, 
Oehlers (1992) proposed a first shear-bending interaction model to predict the 
debonding load in any general case of a plated RC beam as given below.  
17.1
1
≤+
− Oeh
e
Oeh
e
M
M
V
V
         (7.13) 
where VOeh-1 and MOeh are the debonding shear and bending strengths predicted from 
Eqs 7.5 and 7.6a respectively and subscript e to V and M refers to such values obtained 
from experiments.  This model over-predicts the debonding strength in extreme cases of 
plate termination i.e in CMR and pure shear region where V and M are respectively 
zero.  
 
Smith and Teng’s (2003) model 
 
Smith and Teng (2003) proposed an interaction model for an FRP plated RC beam fully 
based on their shear debonding model given in Eq. 7 and limited test results as: 
 ,0.14.0 =+
− prediction
e
TS
e
M
M
V
V
  if TSe VV −≥ 6.0               (7.14a) 
eprediction MM =    if TSe VV −< 6.0                          (7.14b) 
 
Teng and Yao’s (2007) model 
 
Based on their flexural and shear debonding models and the shear-bending interaction 
test database with 23 test results, Teng and Yao (2007) proposed an interaction model 
given by 
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where MT-Y and VT-Y are the predicted bending moment and shear force at debonding 
from the Teng and Yao’s (2007) models given in Eqs 7.4 and 7.10.  
 
7.4.2 Proposed new shear-bending interaction debonding strength model 
 
A new shear-bending interaction model that can use the simple, accurate and explicit 
predictive models given in Eqs 7.3 and 7.11 is developed based on a detailed analysis 
with the largest debonding test database containing the test results of 226 FRP and steel 
plated RC beams constructed from 91 test results in shear-bending interaction region 
discussed in next section together with the 68 shear debonding and 67 flexural 
debonding test databases discussed previously. This circular interaction debonding 
model is given by 
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where Mp = Mp-3 and Vp are the predicted bending moment and shear force at debonding 
from the models given in Eqs 7.3 and 7.11.  
 
7.4.3 Shear-bending interaction debonding test database 
 
The database comprises the test results of 91 common RC beams with the bonded plate 
terminated in region of shear and bending interaction. This is constructed from 17 
experimental studies in literature.  The geometric and material parameters and the test 
results of these test beams are given in Tables 7.4a-c and 7.5a-c. These tests include 37 
steel plated beams, 46 CFRP plated beams (30 with pultruded and 16 with wet lay-up 
plates) and 8 GFRP plated beams (4 with pultruded and 4 with wet lay-up plates).  In all 
these tests, the plate termination lies within 50mm < l1 < l2, where l1 is the distances 
from the support to the plate end and l2   is the shear span. The selection criterion for the 
bonded plate and RC beam remained the same as that of previous two databases. These 
tests cover a wide range of important parameters: (1) elastic modulus of plate E2 = 11.7-
300 GPa; (2) nominal thickness of plate t2 = 0.17-6.00 mm; (3) cubic strength of the 
concrete fcu = 20-101.3 MPa; (4) splitting tensile strength of the concrete ft = 2.1-5.0 
MPa; (5) elastic modulus of concrete E1 = 18.9-39.2 GPa; (6) axial stiffness of plate per 
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unit width E2t2 = 2.6-105.0 (x104) N/mm; (7) effective axial stiffness of beam per unit 
width E1de = 2.04-11319 (x106) N/mm; (8) flexural rigidity of the cracked plated RC 
beam section (EI)c,p = 10.51-2235 (x1010) Nmm2;  (9) flexural rigidity of the cracked 
un-plated RC beam section (EI)c,0 = 8.27-2052 (x1010) Nmm2;  (10) width ratio of beam 
to plate αw = 1.0-3.0; (11) internal tensile reinforcement steel ratio ρs = 0.4-4.4 %; (12) 
mode-2 interfacial fracture energy Gf = 0.250-0.616 Nmm/mm2; and (13) interfacial 
bond strength τf  = 2.639-6.234 N/mm2.   
 
Tables 7.4a-c give the details of RC beams and adhesives. Tables 7.5a-c give the details 
of plate, loading and shear force and bending moments during debonding from tests 
versus predictions from two existing and proposed shear-bending interaction debonding 
strength models. All tests were conducted on simply supported beams, and in Tables 5a-
c, Pe refer to the applied transverse load (= R for 4PB; 2R for 3PB; and load 2R for 
UDL; if R = a support reaction) during debonding from the test result. The procedures 
adopted in the absence of data for concrete properties and adhesive follow those 
outlined earlier  
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Table 7.4a: Shear-bending interaction debonding test database-RC beam; internal tension and shear reinforcement; and adhesive details                                                                                             
Reference S.No. Specimen b1 t1 de l fc fcu ft E1 Es fy As Esv fyv Asv sv Ea ta 
      
(mm) (mm) (mm) (mm) (MPa) (MPa) (MPa) (GPa) (GPa) (MPa) (mm2) (GPa) (MPa) (mm2) (mm) (GPa) (mm) 
Ritchie et al. (1991) 1 C 152 305 251 2438 39.8 49.8 3.30 22.8 200 414 253 200 414 99 102 8.5 2.00 
 2 D 152 305 251 2438 39.8 49.8 3.30 22.8 200 414 253 200 414 99 102 8.5 2.00 
 3 I 152 305 251 2438 39.8 49.8 3.30 22.8 200 414 253 200 414 99 102 8.5 2.00 
Beber et al. (1999) 4 VR5 120 250 214 2350 33.6 42.0 3.10 27.4 200 565 157 200 738 57 110 8.5 - 
 5 VR6 120 250 214 2350 33.6 42.0 3.10 27.4 200 565 157 200 738 57 110 8.5 - 
 6 VR7 120 250 214 2350 33.6 42.0 3.10 27.4 200 565 157 200 738 57 110 8.5 - 
 7 VR8 120 250 214 2350 33.6 42.0 3.10 27.4 200 565 157 200 738 57 110 8.5 - 
 8 VR9 120 250 214 2350 33.6 42.0 3.10 27.4 200 565 157 200 738 57 110 8.5 - 
 9 VR10 120 250 214 2350 33.6 42.0 3.10 27.4 200 565 157 200 738 57 110 8.5 - 
David et al. (1999) 10 P2 150 300 257 2800 40.0 50.0 3.40 29.9 200 500 308 200 500 57 140 8.5 1.00 
 11 P3 150 300 257 2800 40.0 50.0 3.40 29.9 200 500 308 200 500 57 140 8.5 1.00 
 12 P4 150 300 257 2800 40.0 50.0 3.40 29.9 200 500 308 200 500 57 140 8.5 1.00 
 13 P5 150 300 257 2800 40.0 50.0 3.40 29.9 200 500 308 200 500 57 140 8.5 1.00 
Hau KM (1999) 14 2 150 250 205 1500 35.4 44.3 3.20 28.2 231 537 157 231 537 157 100 3.26 0.37 
 15 4 150 250 205 1500 36.2 45.3 3.45 28.5 231 537 157 231 537 157 100 3.26 0.37 
 16 6 150 250 205 1500 39.9 49.9 3.30 29.9 231 537 157 231 537 157 100 3.26 0.37 
 17 7 150 250 205 1500 37.6 47.0 3.20 29.0 231 537 157 231 537 157 100 3.26 0.37 
Nguyen et al. (2001) 18 A950  120  150  120 1330  25.7 32.1 2.70 24.0 200 384 236 200 400 57 50 12.8 1.50 
 19 A1100 120 150 120 1330 25.7 32.1 2.70 24.0 200 384 236 200 400 57 50 12.8 1.50 
 20 A1150 120 150 120 1330 25.7 32.1 2.70 24.0 200 384 236 200 400 57 50 12.8 1.50 
 21 B2 120 150 120 1330 35.7 44.6 3.20 28.3 200 466 628 200 400 57 50 12.8 1.50 
Sadatmanesh & Ehsani (1991) 22 B 205 455 400 4575 35.0 43.8 3.10 28.0 200 456 1013 200 456 253 150 8.5 1.50 
Taljsten (1999) 23 SB1 200 300 252 3600 51.2 64.0 3.80 33.8 200 527 402 200 527 157 75 8.5 2.10 
 24 SB2 200 300 252 3600 52.0 65.0 3.80 34.1 200 527 402 200 527 157 75 8.5 2.40 
 25 SB3 200 300 252 3600 52.0 65.0 3.80 34.1 200 527 402 200 527 157 75 8.5 3.00 
 26 MB1 200 300 252 3600 56.0 70.0 4.00 35.4 200 527 402 200 527 157 75 8.5 2.40 
 27 HB1 200 300 252 3600 56.0 70.0 4.00 35.4 200 527 402 200 527 157 75 8.5 2.10 
 28 FB1 200 300 252 3600 51.2 64.0 3.80 33.8 200 527 402 200 527 157 75 8.5 0.40 
Ahmed & van  29 AF3 125 225 193 1500 46.0 57.5 3.60 30.0 185 568 101 195 553 57 71 7.2 - 
Gemert (1999b) 30 CF2-1 125 225 193 1500 46.0 57.5 3.60 30.0 185 568 129 195 553 57 71 7.2 - 
 31 CF3-1 125 225 193 1500 46.0 57.5 3.60 30.0 185 568 151 195 553 57 71 7.2 - 
  32 CF4-1 125 225 193 1500 46.0 57.5 3.60 30.0 183 586 207 195 553 57 71 7.2 - 
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Table 7.4b: Shear-bending interaction debonding test database-RC beam; internal tension and shear reinforcement; and adhesive details 
Reference S.No. Specimen b1 t1 de l fc fcu ft E1 Es fy As Esv fyv Asv sv Ea ta 
      
(mm) (mm) (mm) (mm) (MPa) (MPa) (MPa) (GPa) (GPa) (MPa) (mm2) (GPa) (MPa) (mm2) (mm) (GPa) (mm) 
Smith & Teng (2003) 33 6B 151 250 215 1500 40.4 51.2 2.85 29.4 207 506 157 207 506 157 100 8.5 - 
 34 2B 151 250 215 1500 48.0 60.7 3.59 28.8 207 506 157 207 506 157 100 8.5 - 
 35 3A 151 250 215 1500 44.7 56.6 3.24 29.0 207 506 157 207 506 157 100 8.5 - 
 36 1A 154 250 215 1500 31.1 39.4 2.44 23.3 207 506 157 207 506 157 100 8.5 - 
 37 2A 151 250 215 1500 48.0 60.7 3.59 28.8 207 506 157 207 506 157 100 8.5 - 
Aprile & Feo (2007) 38 SB4/02/0.85 150 250 210 2000 16.0 20.0 2.12 18.9 210 515 942 210 515 57 200 8.5 2.00 
 39 SB4/03/0.75 150 250 210 2000 16.0 20.0 2.12 18.9 210 515 942 210 515 57 200 8.5 2.00 
 40 SB4/04/0.65 150 250 210 2000 16.0 20.0 2.12 18.9 210 515 942 210 515 57 200 8.5 2.00 
Ceroni et al.(2001) 41 A2 150 100 80 1800 29.0 36.7 2.85 25.5 200 590 101 200 250 57 750 8.5 2.00 
 42 A3 150 100 80 1800 29.0 36.7 2.85 25.5 200 590 101 200 250 57 750 8.5 2.00 
 43 C2 100 150 125 1800 29.0 36.7 2.85 25.5 200 590 101 200 250 57 750 8.5 2.00 
 44 C3 100 150 125 1800 29.0 36.7 2.85 25.5 200 590 101 200 250 57 750 8.5 2.00 
Pornpongsaroj &  45 A-420-P3 120 220 176 2000 44.0 55.7 3.52 31.4 200 480 628 200 399 57 50 8.5 2.00 
Pimanmas (2003) 46 B-200-P4 120 220 176 2000 44.0 55.7 3.52 31.4 200 554 628 200 399 57 50 8.5 2.00 
Fanning & kelly (2001) 47 F5 155 240 203 2800 80.0 101.3 5.00 39.2 204 532 339 197.5 306 57 125 8.5 2.00 
 48 F6 155 240 203 2800 80.0 101.3 5.00 39.2 204 532 339 197.5 306 57 125 8.5 2.00 
 49 F7 155 240 203 2800 80.0 101.3 5.00 39.2 204 532 339 197.5 306 57 125 8.5 2.00 
 50 F8 155 240 203 2800 80.0 101.3 5.00 39.2 204 532 339 197.5 306 57 125 8.5 2.00 
 51 F9 155 240 203 2800 80.0 101.3 5.00 39.2 204 532 339 197.5 306 57 125 8.5 2.00 
 52 F10 155 240 203 2800 80.0 101.3 5.00 39.2 204 532 339 197.5 306 57 125 8.5 2.00 
Rahimi &  53 A8* 200 150 120 2100 48.6 61.5 3.00 25.0 210 575 157 200 250 57 150 8.5 2.00 
Hutchinson (2001) 54 A9* 200 150 120 2100 48.6 61.5 3.00 25.0 210 575 157 200 250 57 150 8.5 2.00 
Luo (1993) 55 SP/S1/L 130 180 150 1000 35.1 43.9 3.60 34.2 210 444 402 - - - - 8.5 2.00 
 56 SP/S2/L 130 180 150 1000 35.1 43.9 3.60 34.2 210 444 402 - - - - 8.5 2.00 
 57 SP/S5/L 130 180 150 1000 35.1 43.9 3.60 34.2 210 444 402 - - - - 8.5 2.00 
 58 SP/S6/L 130 180 150 1000 35.1 43.9 3.60 34.2 210 444 402 - - - - 8.5 2.00 
 59 SP/S7/L 130 180 150 1000 35.1 43.9 3.60 34.2 210 444 402 - - - - 8.5 2.00 
 60 SP/S8/L 130 180 150 1000 35.1 43.9 3.60 34.2 210 444 402 - - - - 8.5 2.00 
  61 SP/S9/L 130 180 150 1000 35.1 43.9 3.60 34.2 210 444 402 - - - - 8.5 2.00 
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Table 7.4c: Shear-bending interaction debonding test database-RC beam; internal tension and shear reinforcement; and adhesive details 
Reference S.No. Specimen b1 t1 de l fc fcu ft E1 Es fy As Esv fyv Asv sv Ea ta 
      
(mm) (mm) (mm) (mm) (MPa) (MPa) (MPa) (GPa) (GPa) (MPa) (mm2) (GPa) (MPa) (mm2) (mm) (GPa) (mm) 
Oehlers (1992) 62 1/2/S 130 175 147 - 42.0 52.5 3.20 22.0 210 444 402 210 568 25 500 8.5 2.00 
 63 1/2/N 130 175 147 - 42.0 52.5 3.20 22.0 210 444 402 210 568 25 500 8.5 2.00 
 64 1/3/S 130 175 147 - 42.0 52.5 3.20 22.0 210 444 402 210 568 25 500 8.5 2.00 
 65 1/3/N 130 175 147 - 42.0 52.5 3.20 22.0 210 444 402 210 568 25 500 8.5 2.00 
 66 2/1/N 130 175 147 - 45.6 57.0 4.30 29.0 210 444 402 210 568 25 500 8.5 2.00 
 67 2/1/S 130 175 147 - 45.6 57.0 4.30 29.0 210 444 402 210 568 25 500 8.5 2.00 
 68 2/2/N 130 175 147 - 45.6 57.0 4.30 29.0 210 444 402 210 568 25 75 8.5 2.00 
 69 2/2/S 130 175 147 - 45.6 57.0 4.30 29.0 210 444 402 210 568 25 75 8.5 2.00 
 70 2/3/N 130 175 147 - 45.6 57.0 4.30 29.0 210 444 402 210 511 57 75 8.5 2.00 
 71 2/3/S 130 175 147 - 45.6 57.0 4.30 29.0 210 444 402 210 511 57 75 8.5 2.00 
 72 2/4/N 130 175 147 - 45.6 57.0 4.30 29.0 210 444 402 210 511 57 45 8.5 2.00 
 73 2/4/S 130 175 147 - 45.6 57.0 4.30 29.0 210 444 402 210 511 57 45 8.5 2.00 
 74 5/1/N 130 175 147 - 47.2 59.0 4.70 29.0 210 444 402 210 511 57 45 8.5 2.00 
 75 5/1/S 130 175 147 - 47.2 59.0 4.70 29.0 210 444 402 210 511 57 45 8.5 2.00 
 76 6/1/- 130 175 147 - 50.4 63.0 4.30 30.0 210 444 402 210 568 25 875 8.5 2.00 
 77 6/2/- 130 175 147 - 50.4 63.0 4.30 30.0 210 444 402 210 568 25 875 8.5 2.00 
 78 6/3/- 130 175 147 - 50.4 63.0 4.30 30.0 210 444 402 210 568 25 1075 8.5 2.00 
 79 6/4/- 130 175 147 - 50.4 63.0 4.30 30.0 210 444 402 210 568 25 1075 8.5 2.00 
 80 7/1/N 130 175 147 - 47.2 59.0 4.60 32.0 210 444 402 210 568 25 1350 8.5 2.00 
 81 7/1/S 130 175 147 - 47.2 59.0 4.60 32.0 210 444 402 210 568 25 1350 8.5 2.00 
 82 8/1/N 130 175 147 - 37.6 47.0 3.90 27.0 210 444 402 210 568 25 1650 8.5 2.00 
 83 8/1/S 130 175 147 - 37.6 47.0 3.90 27.0 210 444 402 210 568 25 1650 8.5 2.00 
Oehlers &  84 S7/N1 120 200 172 1650 28.0 35.0 3.10 33.0 210 444 402 210 511 57 50 8.5 2.00 
Moran (1990) 85 S7/N2 120 200 172 1650 28.0 35.0 3.10 33.0 210 444 402 210 511 57 50 8.5 2.00 
 86 S7/N3 120 200 172 1650 27.2 34.0 3.20 28.0 210 444 402 210 511 57 50 8.5 2.00 
 87 S7/N4 120 200 172 1650 27.2 34.0 3.20 28.0 210 444 402 210 511 57 50 8.5 2.00 
 88 S8/N1 120 200 172 1650 29.6 37.0 3.00 37.0 210 444 402 210 511 57 50 8.5 2.00 
 89 S8/N2 120 200 172 1650 29.6 37.0 3.00 37.0 210 444 402 210 511 57 50 8.5 2.00 
 90 S8/N3 120 200 172 1650 28.0 35.0 2.70 24.0 210 444 402 210 511 57 50 8.5 2.00 
  91 S8/N4 120 200 172 1650 28.0 35.0 2.70 24.0 210 444 402 210 511 57 50 8.5 2.00 
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Table 7.5a: Shear-bending interaction debonding test database-plate and loading details; debonding model- tests versus predictions 
Reference S.No. Specimen b2 t2 E2 f2 Type l1 l2 Load Ve Me Pe Vp Pp VOeh-1 POeh VT-Y PT-Y 
   
(mm) (mm) (GPa) (GPa)  (mm) (mm)  (kN) (kNm) (kN) (kN) (kN) (kN) (kN) (kN) (kN) 
Ritchie et al. (1991) 1 C 152 4.76 11.7 0.16 G-P 203 914 4PB 55.4 11.2 55.4 55.2 51.8 31.2 35.2 98.1 81.6 
 2 D 151 4.76 11.7 0.16 G-P 203 914 4PB 59.6 12.1 59.6 55.1 51.8 31.2 35.2 98.4 81.8 
 3 I 150 4.06 27.6 0.32 C/G-P 203 914 4PB 50.6 10.3 50.6 60.2 54.9 31.2 34.3 68.3 58.8 
Beber et al. (1999) 4 VR5 120 0.44 230 3.40 C-W 75 783 4PB 51.1 3.8 51.1 44.4 43.6 19.6 22.2 39.6 38.9 
 5 VR6 120 0.44 230 3.40 C-W 75 783 4PB 50.3 3.8 50.3 44.4 43.6 19.6 22.2 39.6 38.9 
 6 VR7 120 0.77 230 3.40 C-W 75 783 4PB 62.1 4.7 62.1 52.0 50.4 19.6 22.0 36.8 36.0 
 7 VR8 120 0.77 230 3.40 C-W 75 783 4PB 62.0 4.7 62.0 52.0 50.4 19.6 22.0 36.8 36.0 
 8 VR9 120 1.10 230 3.40 C-W 75 783 4PB 64.8 4.9 64.8 58.7 55.9 19.6 21.8 36.3 35.5 
 9 VR10 120 1.10 230 3.40 C-W 75 783 4PB 68.5 5.1 68.5 58.7 55.9 19.6 21.8 36.3 35.5 
David et al. (1999) 10 P2 100 1.20 150 2.40 C-P 200 933 4PB 68.0 13.6 68.0 65.6 61.9 33.5 36.0 56.9 53.6 
 11 P3 100 1.20 150 2.40 C-P 200 933 4PB 71.1 14.2 71.1 65.6 61.9 33.5 36.0 56.9 53.6 
 12 P4 100 2.40 150 2.40 C-P 200 933 4PB 78.0 15.6 78.0 80.2 71.2 33.5 34.3 54.7 50.6 
 13 P5 100 2.40 150 2.40 C-P 200 933 4PB 79.5 15.9 79.5 80.2 71.2 33.5 34.3 54.7 50.6 
Hau KM (1999) 14 2 150 1.32 19.7 0.26 G-W 350 500 4PB 53.0 18.6 53.0 45.5 35.6 22.6 25.2 172.9 57.5 
 15 4 150 1.32 19.7 0.26 G-W 200 500 4PB 65.4 13.1 65.4 45.7 41.6 22.7 26.0 175.9 91.6 
 16 6 150 1.32 19.7 0.26 G-W 200 500 4PB 63.1 12.6 63.1 46.6 42.3 23.5 26.8 189.5 94.9 
 17 7 150 1.32 19.7 0.26 G-W 350 500 4PB 53.9 18.9 53.9 46.0 36.0 23.0 25.7 181.0 58.5 
Nguyen et al. (2001) 18 A950 80 1.20 181 3.14 C-P 190 440 4PB 28.1 5.3 28.1 43.9 28.7 14.5 12.5 24.4 19.5 
 19 A1100 80 1.20 181 3.14 C-P 115 440 4PB 28.7 3.3 28.7 43.9 36.0 14.5 14.0 24.7 22.4 
 20 A1150 80 1.20 181 3.14 C-P 90 440 4PB 29.5 2.7 29.5 43.9 38.5 14.5 14.5 25.0 23.5 
 21 B2 80 1.20 181 3.14 C-P 115 440 4PB 65.1 7.5 65.1 53.2 50.9 22.4 22.2 37.6 36.3 
Sadatmanesh & Ehsani (1991) 22 B 152 6.00 37.2 0.40 G-P 155 1983 4PB 125.0 19.4 125.0 135.1 134.2 74.4 84.2 132.5 131.4 
Taljsten (1999) 23 SB1 120 1.40 155 2.40 C-P 150 1300 4PB 71.4 10.7 71.4 100.5 96.1 47.6 51.8 93.9 89.1 
 24 SB2 120 1.40 155 2.40 C-P 200 1300 4PB 75.5 15.1 75.5 100.8 93.3 47.9 50.8 94.7 86.4 
 25 SB3 120 1.40 155 2.40 C-P 300 1300 4PB 73.9 22.2 73.9 100.8 85.9 47.9 48.6 94.7 78.6 
 26 MB1 120 1.40 210 2.00 C-P 150 1300 4PB 79.6 11.9 79.6 99.2 94.4 49.1 52.6 91.0 86.0 
 27 HB1 100 1.40 300 1.40 C-P 150 1300 3PB 80.1 12.0 80.1 92.3 87.7 49.1 51.1 85.6 80.7 
 28 FB1 150 2.40 95 1.80 C-W 150 1300 3PB 74.4 11.2 74.4 110.9 104.6 47.6 51.9 90.1 85.6 
Ahmed & van  29 AF3 75 0.33 240 3.50 C-W 100 500 3PB 50.2 5.0 50.2 36.9 34.7 18.2 20.2 50.4 44.4 
Gemert (1999b) 30 CF2-1 75 0.33 240 3.50 C-W 100 500 4PB 48.3 4.8 48.3 38.7 37.2 19.7 22.0 53.3 49.0 
 31 CF3-1 75 0.33 240 3.50 C-W 100 500 4PB 52.4 5.2 52.4 39.9 38.8 20.8 23.2 55.5 52.0 
 32 CF4-1 75 0.33 240 3.50 C-W 100 500 4PB 59.1 5.9 59.1 42.5 41.9 23.1 25.9 59.1 57.0 
Note: Ve & Me = measured debonding strength;  Vp; VOeh-1; & VT-Y = prediction from Eqs 7.11; 7.6; & 7.10 respectively; Pp; POeh; & PT-Y = calculated load from Eqs 7.16; 7.13; & 7.15 respectively  
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Table 7.5b: Shear-bending interaction debonding test database-plate and loading details; debonding model- tests versus predictions 
Reference S.No. Specimen b2 t2 E2 f2 Type l1 l2 Load Ve Me Pe Vp Pp VOeh-1 POeh VT-Y PT-Y 
   
(mm) (mm) (GPa) (GPa)  (mm) (mm)  (kN) (kNm) (kN) (kN) (kN) (kN) (kN) (kN) (kN) 
Smith & Teng (2003) 33 6B 145 0.33 257 4.52 C-W 75 500 4PB 60.2 4.5 60.2 57.2 55.4 24.4 27.6 82.8 76.7 
 34 2B 148 0.33 271 3.72 C-W 125 500 4PB 57.6 7.2 57.6 57.0 52.6 25.8 28.9 86.8 70.7 
 35 3A 147 0.33 257 4.52 C-W 175 500 4PB 53.3 9.3 53.3 58.4 50.1 25.2 27.6 86.3 61.6 
 36 1A 150 0.33 271 3.72 C-W 250 500 4PB 39.8 10.0 39.8 53.4 41.4 22.6 23.6 70.5 44.6 
 37 2A 148 0.33 271 3.72 C-W 375 500 4PB 32.1 12.0 32.1 57.0 35.5 25.8 26.6 86.8 36.8 
Aprile & Feo (2007) 38 SB4/02/0.85 50 1.40 300 1.45 C-P 150 696 UDL 46.3 7.5 108.8 49.6 114.4 31.9 72.5 36.7 84.4 
 39 SB4/03/0.75 50 1.40 300 1.45 C-P 250 696 UDL 39.3 11.5 104.8 49.6 124.3 31.9 72.2 36.7 91.3 
 40 SB4/04/0.65 50 1.40 300 1.45 C-P 350 696 UDL 37.9 16.8 116.5 49.6 133.4 31.9 72.8 36.7 97.3 
Ceroni et al.(2001) 41 A2 110 0.17 230 3.43 C-P 150 750 4PB 9.3 1.4 9.3 19.2 15.6 10.2 10.1 15.6 13.1 
 42 A3 110 0.17 230 3.43 C-P 300 750 4PB 9.6 2.9 9.6 19.2 11.0 10.2 8.8 15.6 9.6 
 43 C2 80 0.17 230 3.43 C-P 400 750 4PB 9.0 3.6 9.0 17.5 12.4 10.3 10.0 15.5 11.2 
 44 C3 80 0.17 230 3.43 C-P 500 750 4PB 8.1 4.0 8.1 17.5 10.9 10.3 9.5 15.5 9.9 
Pornpongsaroj &  45 A-420-P3 100 1.20 150 2.20 C-P 420 1000 3PB 47.8 20.1 95.6 61.9 105.4 30.3 56.4 45.4 79.7 
Pimanmas (2003) 46 B-200-P4 100 1.20 150 2.20 C-P 200 700 4PB 52.8 10.6 52.8 61.9 60.1 30.3 31.6 51.7 50.1 
Fanning & kelly (2001) 47 F5 120 1.20 155 2.40 C-P 385 1100 4PB 50.0 19.3 50.0 74.1 58.8 38.9 38.2 65.8 51.3 
 48 F6 120 1.20 155 2.40 C-P 385 1100 4PB 51.5 19.8 51.5 74.1 58.8 38.9 38.2 65.8 51.3 
 49 F7 120 1.20 155 2.40 C-P 462 1100 4PB 48.8 22.5 48.8 74.1 54.5 38.9 37.0 65.6 47.3 
 50 F8 120 1.20 155 2.40 C-P 462 1100 4PB 32.0 14.8 32.0 74.1 54.5 38.9 37.0 65.6 47.3 
 51 F9 120 1.20 155 2.40 C-P 550 1100 4PB 31.0 17.1 31.0 74.1 49.9 38.9 35.7 64.6 42.9 
 52 F10 120 1.20 155 2.40 C-P 550 1100 4PB 41.0 22.6 41.0 74.1 49.9 38.9 35.7 64.6 42.9 
Rahimi &  53 A8* 150 0.80 127 1.53 C-P 85 750 4PB 32.6 2.8 32.6 42.8 40.0 22.0 23.1 41.2 37.8 
Hutchinson (2001) 54 A9* 150 0.80 127 1.53 C-P 85 750 4PB 32.0 2.7 32.0 42.8 40.0 22.0 23.1 41.2 37.8 
Luo (1993) 55 SP/S1/L 130 5.00 210 0.32 S 150 500 3PB 33.4 5.0 66.8 45.0 81.9 23.2 40.4 42.3 75.4 
 56 SP/S2/L 130 5.00 210 0.32 S 150 500 3PB 26.4 4.0 52.8 45.0 81.9 23.2 40.4 42.3 75.4 
 57 SP/S5/L 130 5.00 210 0.32 S 70 500 3PB 27.9 2.0 55.8 45.0 88.1 23.2 46.8 43.8 85.1 
 58 SP/S6/L 130 5.00 210 0.32 S 70 500 3PB 33.1 2.3 66.2 45.0 88.1 23.2 46.8 43.8 85.1 
 59 SP/S7/L 130 5.00 210 0.32 S 70 500 3PB 33.0 2.3 66.0 45.0 88.1 23.2 46.8 43.8 85.1 
 60 SP/S8/L 130 5.00 210 0.32 S 70 500 3PB 33.0 2.3 66.0 45.0 88.1 23.2 46.8 43.8 85.1 
 61 SP/S9/L 130 5.00 210 0.32 S 70 500 3PB 31.5 2.2 63.0 45.0 88.1 23.2 46.8 43.8 85.1 
Note: Ve & Me = measured debonding strength;  Vp; VOeh-1; & VT-Y = prediction from Eqs 7.11; 7.6; & 7.10 respectively; Pp; POeh; & PT-Y = calculated load from Eqs 7.16; 7.13; & 7.15 respectively  
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Table 7.5c: Shear-bending interaction debonding test database-plate and loading details; debonding model- tests versus predictions 
Reference S.No. Specimen b2 t2 E2 f2 Type l1 l2 Load Ve Me Pe Vp Pp VOeh-1 POeh VT-Y PT-Y
      
(mm) (mm) (GPa) (GPa)   (mm) (mm)  (kN) (kNm) (kN) (kN) (kN) (kN) (kN) (kN) (kN)
Oehlers (1992) 62 1/2/S 130 5.00 210 0.27 S 100 550 4PB 29.6 3.0 29.6 44.6 43.1 24.3 20.9 48.0 44.8
 63 1/2/N 130 5.00 210 0.27 S 150 550 4PB 32.5 4.9 32.5 44.6 41.4 24.3 18.5 47.1 41.0
 64 1/3/S 130 5.00 210 0.27 S 250 550 4PB 25.8 6.5 25.8 44.6 37.2 24.3 14.9 45.0 33.4
 65 1/3/N 130 5.00 210 0.27 S 400 550 4PB 23.1 9.2 23.1 44.6 30.6 24.3 11.6 44.8 25.5
 66 2/1/N 130 5.00 210 0.27 S 300 550 4PB 26.1 7.8 26.1 45.4 35.1 25.0 16.8 46.6 31.5
 67 2/1/S 130 5.00 210 0.27 S 75 550 4PB 40.1 3.0 40.1 45.4 44.4 25.0 24.7 50.2 48.2
 68 2/2/N 130 5.00 210 0.27 S 300 550 4PB 24.9 7.5 24.9 47.0 35.9 25.0 16.8 46.8 31.6
 69 2/2/S 130 5.00 210 0.27 S 75 550 4PB 42.5 3.2 42.5 47.0 46.0 25.0 24.7 50.5 48.5
 70 2/3/N 130 5.00 210 0.27 S 300 550 4PB 27.9 8.4 27.9 49.0 36.7 25.0 16.8 47.2 31.7
 71 2/3/S 130 5.00 210 0.27 S 75 550 4PB 39.3 2.9 39.3 49.0 47.8 25.0 24.7 50.9 48.8
 72 2/4/N 130 5.00 210 0.27 S 300 550 4PB 32.2 9.7 32.2 51.3 37.7 25.0 16.8 47.7 31.9
 73 2/4/S 130 5.00 210 0.27 S 75 550 4PB 41.3 3.1 41.3 51.3 50.0 25.0 24.7 51.4 49.2
 74 5/1/N 130 5.00 210 0.27 S 400 550 4PB 24.0 9.6 24.0 51.7 32.6 25.3 15.5 49.2 27.1
 75 5/1/S 130 5.00 210 0.27 S 150 550 4PB 37.3 5.6 37.3 51.7 47.0 25.3 22.1 51.7 44.4
 76 6/1/- 130 5.00 210 0.27 S 625 925 4PB 19.3 12.1 19.3 46.2 23.6 25.9 11.8 40.1 18.6
 77 6/2/- 130 5.00 210 0.27 S 625 925 4PB 20.8 13.0 20.8 46.2 23.6 25.9 11.8 40.1 18.6
 78 6/3/- 130 5.00 210 0.27 S 825 1125 4PB 15.1 12.5 15.1 46.2 19.0 25.9 9.9 37.4 14.7
 79 6/4/- 130 5.00 210 0.27 S 825 1125 4PB 15.9 13.1 15.9 46.2 19.0 25.9 9.9 37.4 14.7
 80 7/1/N 130 5.00 210 0.27 S 1000 1400 4PB 10.3 10.3 10.3 45.5 15.5 25.3 9.2 33.6 12.1
 81 7/1/S 130 5.00 210 0.27 S 1000 1400 4PB 11.0 11.0 11.0 45.5 15.5 25.3 9.2 33.6 12.1
 82 8/1/N 130 5.00 210 0.27 S 1300 1700 4PB 9.7 12.5 9.7 43.3 11.6 23.4 6.2 28.5 8.9
 83 8/1/S 130 5.00 210 0.27 S 1300 1700 4PB 9.5 12.4 9.5 43.3 11.6 23.4 6.2 28.5 8.9
Oehlers &  84 S7/N1 120 5.00 210 0.21 S 468 825 4PB 35.9 16.8 35.9 45.0 29.1 22.2 13.0 32.2 22.2
Moran (1990) 85 S7/N2 120 5.00 210 0.21 S 375 825 4PB 46.9 17.6 46.9 45.0 32.6 22.2 14.4 33.0 25.0
 86 S7/N3 120 5.00 210 0.21 S 225 825 4PB 68.4 15.4 68.4 44.7 39.0 21.9 17.1 36.0 31.2
 87 S7/N4 120 5.00 210 0.21 S 125 825 4PB 82.4 10.3 82.4 44.7 42.7 21.9 20.1 37.1 35.2
 88 S8/N1 120 5.00 210 0.21 S 468 825 4PB 38.5 18.0 38.5 45.4 29.1 22.6 13.2 32.3 22.5
 89 S8/N2 120 5.00 210 0.21 S 375 825 4PB 55.2 20.7 55.2 45.4 32.7 22.6 14.7 33.0 25.2
 90 S8/N3 120 5.00 210 0.21 S 225 825 4PB 59.6 13.4 59.6 45.0 39.3 22.2 15.7 36.2 31.3
  91 S8/N4 120 5.00 210 0.21 S 125 825 4PB 90.4 11.3 90.4 45.0 42.9 22.2 19.0 37.2 35.3
Note: Ve & Me = measured debonding strength;  Vp; VOeh-1; & VT-Y = prediction from Eqs 7.11; 7.6; & 7.10 respectively; Pp; POeh; & PT-Y = calculated load from Eqs 7.16; 7.13; & 7.15 respectively  
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7.4.4 Comparison of shear-bending interaction debonding strength models 
 
The existing shear-bending interaction debonding strength models of Oehlers’ (1992) 
and Teng and Yao’s (2007) are compared with the proposed new interaction model, and 
all these models are assessed by the 91 test data shown in Figures 7.3a-c and Tables 
7.6a-b.  The interaction curve is plotted from the shear-bending interaction models 
discussed earlier. The ratio of test-to-predicted debonding shear force Ve/Vp is plotted 
against the corresponding bending moment ratio Me/Mp for each interaction model as 
shown in Figures 7.3a-c. There are 68 test data on the vertical axis from the pure shear 
region and 67 test results on the horizontal axis from the pure bending region, which 
represent the two extreme boundary conditions to the interaction model. The remaining 
91 data points in the shear-bending interaction region are shown scattered above and 
below the ideal interaction curve from respective interaction models. Note that these 91 
data points have not been used in developing the interaction model. A large scatter for 
these data is evident. One possible explanation for this large scatter may be that not all 
the test beams failed in PED although they were reported so because it is not possible to 
identify whether the failure is due to PED or ICD after failure and both failure are and 
thus difficult to observe during the failure process. 
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(c) Teng and Yao’s (2007) interaction model 
Figure 7.3.  Shear-bending interaction debonding models: tests versus predictions 
 
In order to further understand the performance of these interaction models 
quantitatively, the applied transverse load Pe corresponding to Ve and Me is calculated 
knowing the type of applied load in the test database. The transverse load P (Pp from 
proposed new interaction model; POeh from Oehlers’s interaction model; and PT-Y from 
Teng and Yao’s interaction model) is predicted from the respective interaction models 
after expressing the shear force V and bending moment M in numerators of the 
respective interaction models in terms of P and substituting the predicted values of V 
and M appearing in denominators of respective interaction models from the respective 
shear and flexural debonding models.  The transverse load corresponding to plate end 
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debonding failure obtained from test results Pe is compared with that calculated from 
the respective interaction models (Pp or POeh or PT-Y) in Figures 7.4a-c. It can be 
ascertained from the dispersion of the data points in Figures 7.3 and 7.4 that the 
predictions from the proposed new interaction model are much closer to the test results 
followed by Teng and Yao’s (2007) and Oehlers’ (1992). This is also evidenced from 
the statistical performances of these three models under assessment given in Tables 
7.6a-b in terms of the test-to-predicted debonding load ratios.  
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Linear regression: Pe = 0.81POeh
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(b) Oehlers’ (1992) interaction model 
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Linear regression: Pe = 0.87PT-Y
Correlation co-efficient = 0.665
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(c) Teng and Yao’s (2007) interaction model  
Figure 7.4.  Shear-bending interaction debonding models: tests versus predictions. 
 
Table 7.6a: Shear-bending interaction model- test-to-predicted debonding strength ratios 
Model Average  Coefficient of 
variation 
Maximum Minimum 
Proposed model: (Pe/Pp) 1.005 0.261 2.105 0.530 
Oehlers (1992): (Pe/POeh) 1.748 0.420 4.749 0.103 
Teng & Yao (2007): (Pe/PT-Y) 1.099 0.330 2.560 0.338 
 
 
 
 
Table 7.6b: Shear-bending interaction model-natural logarithm of test-to-predicted 
debonding strength ratios 
Model Average  Standard 
deviation 
Maximum Minimum 
Proposed model: ln(Pe/Pp) -0.027 0.247 0.745 -0.636 
Oehlers (1992): ln(Pe/POeh) 0.437 0.584 1.558 -2.275 
Teng & Yao (2007): ln(Pe/PT-Y) 0.041 0.333 0.940 -1.085 
 
The statistical performance of the natural logarithm of test-to-predicted debonding load 
ratios of the three interaction models are provided in Table 7.6b. Ideally, the average, 
maximum and minimum should be nearer to zero; and the standard deviation should be 
less for any good debonding model. The positive and negative sign in average, 
maximum and minimum can be considered as a representation of the extent of 
conservative and unconservative predictions respectively. Based on the above 
comparisons, it is found that the proposed interaction model offers good accuracy with 
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reasonable conservatism than the existing models and is easy to incorporate in any 
design codes.  
 
 
7.5 Conclusions 
 
FRP or steel plated RC beams are vulnerable to different types of premature plate end 
debonding failures. This chapter has presented a predictive debonding strength model 
for such failures which has advantages of accuracy and ease of application when 
compared with those of alternatives previously proposed by others. A large test database 
of plated RC beams reported to have failed by plate end debonding with 226 test results 
(including 67 flexural debonding tests; 68 shear debonding tests; and 91 tests for shear-
bending interaction) collected from many existing experimental studies was used to 
assess the performance of existing and the proposed debonding strength models. The 
proposed shear debonding model for plates terminated in high shear-zero (or low) 
moment region is simple, accurate and provides an explicit prediction when compared 
against the existing models. This model considers the contribution from concrete, 
internal shear reinforcement and the bonded plate to the debonding strength. This model 
and an accurate flexural debonding model of Narayanamurthy et al. (2011) for plates 
terminated in pure bending region are shown to be the two extreme cases and any 
general case is an interaction of these two extremes whose coupling resulted in an 
accurate shear-bending interaction model applicable for plates terminated in any shear-
bending interaction region. Comparisons between test results and the predictions of the 
debonding strength models demonstrated the simplicity and the accuracy of the 
proposed models that can easily be incorporated in any design codes and guidelines. 
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7.6 Notation 
 
The following symbols are used in this chapter: 
A = cross-sectional area; 
b = width; 
CoV = coefficient of variation; 
de = effective depth of RC beam; 
E = modulus of elasticity; 
(EI)c,p, (EI)c,0   = flexural rigidity of the cracked and tensile reinforced plated and 
un-plated beam section respectively; 
f2 = tensile yield strength of steel or tensile strength of FRP plate; 
fc = cylinder compressive strength of concrete; 
fcu = cubic compressive strength of concrete; 
ft = tensile strength of concrete; 
fyv = yield strength of steel shear reinforcement;  
4PB;3PB;UDL = 4 point bending; 3 point bending; and uniformly distributed load 
respectively; 
G
 f = mode-II interfacial fracture energy; 
I = second moment of area; 
l = effective span of the plated beam; 
l1 = distance from nearest support to the plate end; 
l2 = distance from nearest support to applied load P (shear span); 
M (0) = bending moment at the plate end; 
M = debonding moment; 
p-1, p-2, p-3  = subscripts referring to the predictions from flexural debonding 
models 1, 2 and 3 respectively;  
p; Oeh; Oeh-1;  Oeh-
2; Oeh-3;S-T; T-Y  
= subscripts referring to the predictions from proposed; Oehlers 
and Moran’s (1990); Oehlers’ (1992);  Oehlers et al.’s (2004); 
Oehlers et al.’s (2005); Smith and Teng’s (2002)  and Teng and 
Yao’s (2007) models respectively; 
e = subscript referring to the experimental value from test database;  
My,0 = theoretical first yield moment of the un-plated beam section; 
Mu,0 = theoretical moment capacity of the un-plated beam section; 
mp = modular ratio of plate to beam; 
P = transverse load on beam; 
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t = thickness; 
V = debonding shear force; 
Vuc = shear capacity of an unplated RC beam without stirrups from 
any design codes;  
Vu,0 = shear capacity of a prestressed and unplated RC beam without 
stirrups from any design codes;  
Vst = contribution of stirrups to the debonding shear strength;  
y1, y2 = vertical distance from bottom of the beam and top of the plate to 
their respective centroids; 
α = axial stiffness ratio between plate and original beam including 
steel tension reinforcement; 
αw, αa, αf = width ratio, and axial and flexural rigidity ratio respectively; 
βw = width ratio parameter ; 
δ
 f = maximum slip at initiation of debonding; 
λ, m  = parameters defined in Eqs 1b-c;   
ρ = reinforcement ratio; 
εv,e = effective strain in vertical stirrups; 
1; a; 2; s; sv = subscripts referring respectively to the beam; adhesive; plate; 
tension steel reinforcement; and steel shear reinforcement. 
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Chapter 8 
 
 
Theoretical Formulation and Parametric Study of Intermediate Crack-
Induced Debonding in Plated Beams 
 
 
Abstract 
 
Adhesively bonding FRP plate at the tension face of an RC beam can often significantly 
increase its strength. The behaviour of such a strengthened structure depends on the 
performance of the FRP-concrete interface in providing an effective stress transfer 
between the adherends. Debonding along this interface can lead to various premature 
failures. One of the common failure modes is the intermediate crack-induced debonding 
(ICD) which initiates at a major flexural or flexural-shear crack and propagates along 
the interface towards one of the plate ends. Correct modelling of the FRP-concrete 
interface bond behaviour is very important for understanding and mitigating these 
debonding failures. This bond behaviour has been extensively studied using a simple 
pull-off test specimen. However, the ICD behaviour of the interface between 
intermediate adjacent cracks in a plated beam is significantly different from that in a 
pull-off test.  
 
This study is focussed on the ICD of the FRP-concrete interface between two adjacent 
cracks in a plated beam considering axial forces, transverse shear forces and bending 
moments in the adherends of the bonded joint using a softening bond-slip law. The 
interface deformation is related to the applied loading through two methods: the 
rotational spring method and the section analysis with partial interaction method and the 
merits and extent of their applicability are discussed. Theoretical formulation for 
interfacial shear stress, interfacial slip, plate stress and load-displacement response are 
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provided for different states of interfaces experienced by the FRP-concrete interface 
during different failure processes and the ductility and the ultimate ICD strength of the 
plated beam are predicted. A parametric study is further conducted to demonstrate the 
significant effect of bond length, moment ratio between two cracked ends, axial plate 
stiffness, beam depth and width, steel ratio and bending deformation on the load-
displacement characteristics of the bonded joint. 
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8.1 Introduction 
 
Adhesive bonding of FRP (or steel) plates on the tension face of an RC beam has gained 
wide acceptance and popularity in recent years as a viable strengthening and retrofitting 
technique.  In this strengthening method, the stress transfer from the original beam to 
the external plate occurs through the adhesive interface and its performance is very 
important in maintaining the composite action between the bonded plate and the 
original beam. Experimental study (Teng et al., 2002; Yuan et al., 2004) has shown that 
the relative deformation (slip) between the FRP and concrete occurs within a very 
narrow transition zone consisting of a thin layer of adhesive and the adjacent concrete. 
Interfacial debonding along the FRP-concrete interface can lead to premature failure of 
the structure. Therefore, correct modelling of the FRP-concrete interface is very 
important for understanding and mitigating these debonding failures and to predict the 
ductility and ultimate behaviour of the plated beam.   
 
Two types of debonding failures are commonly observed in experiments (Teng et al., 
2002, 2003a, b). They are the plate end debonding (PED) and intermediate crack-
induced interfacial debonding (ICD). PED is caused by the concentration of high 
interfacial stresses due to the presence of geometric discontinuity at the plate end and 
this interfacial stress and PED has been extensively studied in the literature 
(Narayanamurthy et al., 2010, 2011; Teng and Chen, 2009). ICD involves debonding of 
the plate which initiates at a major flexural or flexural-shear crack where the plate is 
under tension, and propagates along the FRP-concrete interface towards the stress-free 
end of the plate (type-1) or to an adjacent intermediate crack (type-2).  
 
In type-1 (single crack), no crack exists between the free end of the plate and the crack 
where debonding initiates. This type is similar to the ICD arising from a shear crack in 
RC beams shear strengthened with bonded side plates and debonding in soffit plated 
beams having a single dominant flexural or flexural-shear crack. The stress state of the 
interface in type-1 ICD is similar to that in a simple pull-off test (single shear) specimen 
in which a plate is bonded to a concrete prism and pulled at one end and has been 
studied extensively by many researchers (e.g. Roberts, 1989; Taljsten, 1997; Brosens 
and Gamert, 1998; Chen and Teng, 2001; Teng et al., 2002, 2003a, b). Wu et al., (1997) 
conducted an experimental and numerical investigation. Yuan et al. (2001) developed a 
fracture mechanics based model and Sebastian (2001) recommended using a bond-slip 
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analysis based on experimental observations on type-1 ICD. Leung (2001), Neubauer 
and Rostasy (1999), Rabinovitch and Frostig (2001) and Lau et al. (2001) carried out a 
linear elastic bond slip analysis to study a cracked concrete beam flexurally 
strengthened with FRP. However, experimental studies have shown that the stress 
deformation relationship at the FRP-concrete interface is nonlinear (Chajes et al., 1995, 
1996; Bizindavyi and Neale, 1999; Dai et al., 2005; Yao et al., 2005a, b) and suggested 
using a nonlinear bond-slip model to analyse this ICD. The bond-slip model relating the 
relative deformation at the FRP-concrete interface is essentially a cohesive zone model 
(CZM) where the locally damaged materials forming a narrow band of localised 
deformation in a large fracture processing zone (cohesive zone) is modelled by a 
nonlinear spring (Wang, 2006a). Using a bilinear bond-slip model, Yuan et al. (2004) 
developed formulations for the interfacial shear stress and plate stress and Lu et al. 
(2005a, b) carried out a numerical and experimental investigation on simple pull-off test 
specimens; and Wang (2006a, b) developed formulations for bond stress and plate stress 
considering bending moments and shear forces additionally and used a rotational spring 
method to model the local flexibility at the crack.  Thereafter, Pan and Leung (2007), 
Wang (2007), Rabinovitch (2008a), Wang and Zhang (2008) further investigated this 
debonding mode by considering the interfacial normal stresses along with the interface 
separation on the FRP-concrete interface. Rabinovitch (2008b) compared the LEFM and 
CZM and highlighted their advantages, limitations and applicability for type-1 ICD 
process. 
 
In type-2 ICD (multi crack), one or more significant cracks exists between the 
debonding initiation crack and the stress free plate end. The mechanics of debonding 
process in type-2 ICD is different from that of a simple pull-off test discussed above due 
to the interaction of the adjacent intermediate crack and only very few studies exist in 
the literature on this type of debonding (Teng and Chen, 2009). Teng et al. (2006) and 
Chen et al. (2007) conducted a theoretical investigation on different states of interface 
during different failure processes identified by them on the type-2 ICD through an FRP-
to-concrete bonded joint model where the plate and concrete substrate are under axial 
forces at both ends. Chen et al. (2007) have demonstrated that neglecting the linear 
ascending branch representing the elastic deformation of the interface has an 
insignificant effect on the overall load-displacement response and the ultimate 
behaviour of the bonded joint, and provided a simplified solution. Recently, Chen and 
Qiao (2009) extended the type-1 ICD analysis of Wang (2006a, b) for type-2 ICD and 
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provided a solution applicable for one specific type of failure process identified in Chen 
et al. (2007). In ICD, the interface is dominated by shear stresses. It therefore differs 
from PED, where normal stresses perpendicular to the adhesive interface also play a 
significant role.  
  
This study focuses on type-2 ICD in RC beams strengthened with an FRP plate using a 
thin adhesive layer. It extends Chen et al.’s (2007) study by utilising a more realistic 
bonded joint model considering bending moments, transverse shear forces and axial 
forces in the adherends. Closed-form solutions for the interfacial shear stress, interfacial 
slip and axial stress in the plate are obtained using a linearly softening bond-slip model 
for the different states experienced by the FRP-concrete interface during all the different 
failure processes. Crack initiation, propagation and complete debonding of FRP-
concrete interface and load-displacement characteristics are analysed. This study 
employs two methods, namely the rotational spring method (RSM) and section analysis 
with partial interaction method (SA-PI), to relate the applied loading to the interface 
deformation during the debonding process. This requirement arises from the inclusion 
of bending moments and shear forces in the bonded joint model. Results of the present 
solution based on RSM and SA-PI are compared with Chen et al. (2007) after matching 
the end conditions. The load-displacement response and distribution of bond and plate 
stresses are provided through a typical illustration. A parametric study is conducted to 
analyse the effect of bond length, moment ratio at the two adjacent cracks, axial plate 
stiffness, beam depth and width, embedded steel ratio and bending deformation on the 
ICD behaviour of plated RC beams. This research represents a significant advance in 
understanding the behaviour of type-2 IC debonding failure, predicting the ductility and 
ultimate strength of plated beams and quantifying the influence of key parameters. It 
highlights for the first time the effect of bending deformation on IC debonding 
behaviour in plated beams. 
 
 
8.2 Bonded Joint Model 
 
Consider an FRP plated RC beam as shown in Figure 8.1. Note that a simply supported 
beam is shown as an example but the analysis presented in this paper is concerned with 
the behaviour between two intermediate cracks so it is generic and applicable to RC 
beams under any loading with any boundary conditions. Let L be the length of the 
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concerned segment between two intermediate cracks. The plated beam segment between 
these two cracks is idealised as a bonded joint which is subjected to axial forces NT(x), 
transverse shear forces VT(x) and bending moments MT(x) in the adherends on both 
sides. Consequently, both adherends are subjected to axial forces N(x), transverse shear 
forces V(x) and bending moments M(x) as shown in Figure 8.2. The relationship 
between the total forces on the beam section and the forces on the adherends will be 
discussed later in the chapter. It is assumed that the sectional properties of the original 
beam between the two adjacent cracks remain constant. Let u and v be the horizontal 
and vertical displacements of the adherends respectively. 
 
 
Figure 8.1.  Plated beam 
 
 
 
Figure 8.2.  Bonded joint model between two adjacent cracks 
 
Linear material behaviour is considered for the beam and plate only during initial 
derivation of formulation. A cracked RC beam section is considered when relating the 
applied loading to plate forces in SA-PI. It is assumed that interface deformations are 
dominated by Mode II. The thin adhesive layer is assumed to be uniform, have 
negligible bending and shear stiffnesses and the bond stress is constant through its 
thickness as in Teng et al. (2006) and Chen et al. (2007). The curvatures of the 
adherends are assumed to be the same in relating the bending moments of the 
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adherends. Fully composite action is assumed to exist at the FRP-concrete interface 
before local debonding is experienced. 
 
The term “ultimate load” is used in this study to refer to the maximum loading capacity 
of the bonded joint instead of “bond strength” to avoid confusion with the local bond 
strength of the FRP-concrete interface (maximum shear stress in a bond-slip curve).    
 
 
8.3 Governing Equations 
 
The equilibrium, constitutive relations and the interface compatibility requirements for 
the differential segment of the plated beam between two adjacent cracks as shown in 
Figure 8.3 are necessary to derive the governing differential equations to analyse the 
initiation and propagation of debonding in the bonded joint. Let t, b, E, A, I represent 
the thickness, breadth, elastic modulus, cross-sectional area and second moment of area 
of the adherends respectively and subscripts 1 and 2 respectively refer to beam and 
plate. Longitudinal, vertical and moment equilibrium gives 
)()1()( 2 xbdx
xdN ii τ−=    ; i = 1, 2     (8.1) 
)()1()( 2 xbdx
xdV ii σ−=   ;i = 1, 2     (8.2) 
)()()( 2 xybxVdx
xdM
ii
i τ−=   ;i = 1, 2     (8.3) 
where Ni (x), Vi (x) and Mi (x) are respectively axial force, transverse shear force and 
bending moment at any section of the adherend in the bonded joint; τ(x) and σ(x) are 
respectively the interfacial shear and normal stresses in the bond; and y1 and y2 are 
distances from the bottom of beam and top of plate to their respective centroids. 
 
The total axial force, shear force and moment at any section of the plated beam can be 
expressed as 
)()()( 21 xNxNxNT +=         (8.4) 
)()()()( 221 xtbxVxVxV aT τ++=        (8.5) 
[ ] [ ])()()()()()( 11121221 ytyxNyyttxNxMxMxM ccaT −−−−++++=   (8.6) 
where yc is the distance of the centroid of the plated section from the top surface of the 
beam and ta is the thickness of the adhesive layer. 
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Figure 8.3.  Differential segment in the bonded joint model 
 
The constitutive relationship for the adherends provides the longitudinal strain at the 
bottom of adherend-1 ε1(x) and at the top of adherend-2 ε2(x) as: 
)(1)()1()()( 1 xN
AE
xM
IE
y
dx
xdu
x i
ii
i
ii
iii
i +−==
+ε ;   i = 1, 2  (8.7) 
The moment in the beam and the plate can be related assuming curvature compatibility 
as  
)()( 21 xMxMRb =          (8.8) 
where Rb is the ratio between bending stiffness (EI) of the plate and the beam. 
 
The interfacial slip δ(x) is the relative displacement between the beam and plate: 
)()()( 12 xuxux −=δ          (8.9) 
 
Substituting Eqs 8.1 and 8.6-8.8 into Eq. 8.9 and introducing the parameters of 
interfacial fracture energy Gf and local bond strength τf give the following governing 
differential equation for the axial force in the plate: 

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Differentiating Eq. 8.10a once with respect to x, substituting Eq. 8.1 into the resulting 
equation and replacing τ(x) by f(δ) yield the governing differential equation for the 
bonded joint (Figure 8.2) as 
0)()(2)( 22
2
2
2
=+− xVmfG
dx
xd
T
f
f λδ
τ
λδ
       (8.11) 
The above equation can be solved if the local bond slip model f(δ) relating the local 
interfacial shear stress to the local interfacial slip is established.  
 
 
8.4 Local Bond-Slip Model 
 
Experimental studies (Sebastian, 2001; Chajes et al., 1995, 1996; Bizindavyi and Neale, 
1999; Dai et al., 2005; Yao et al., 2005a, b) and analytical studies (Yuan et al., 2004; Lu 
et al., 2005a, b; Teng et al., 2006; Wang, 2006a, b) have shown that the stress 
deformation relationship at the interface between the adherends is nonlinear. This stress 
deformation relationship representing the large scale fracture processing zone is 
described as the bond-slip model or the cohesive zone model. This is a material property 
of the adhesive interface based on the nonlinear fracture mechanics approach of 
cohesive zone model developed by Dugdale (1960) and Barenblatt (1962).  
 
A bilinear model with a linearly ascending branch (linear elastic stage) followed by a 
linearly descending branch (softening stage) represents a close approximation to the 
bond-slip behaviour of the bonded joint.  In this model, the local interfacial shear stress 
τ(x) increases linearly with the increase in the interfacial slip δ(x) until it reaches the 
peak stress (bond strength) τf which is followed by the initiation of interfacial softening 
(micro-cracking). This is accompanied by a decrease in τ(x) and an increase in δ(x) until 
τ(x) reaches zero at an ultimate slip of δf which initiates macro cracking or debonding of 
the local bond element. Experimental studies have shown that the elastic deformation δ1 
at τf  is much smaller than δf. For this reason, Chen et al. (2007) neglected the linearly 
ascending branch of the bond-slip law to derive a simplified and explicit formulation for 
the analysis of type-2 ICD failures in plated beams considering only the axial forces in 
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the bonded joint. Their comparison with the predictions of Teng et al. (2006) which is 
based on a bilinear bond-slip model revealed very close agreement and proven that such 
a simplification in the bond-slip model has an insignificant effect on the final 
predictions. This linearly softening bond-slip model as shown in Figure 8.4 is also 
adopted in the present study. 
 
 
 
Figure 8.4.  Local bond-slip model 
 
Considering both positive and negative slips, the bond-slip model in Figure 8.4 can be 
described mathematically by the following equation: 
 

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       (8.12) 
The friction and aggregate interlock in the debonded area is ignored leading to the 
absence of any residual shear strength after debonding. The bond-slip relationship is 
assumed to be fully reversible when local unloading is experienced before the slip 
reaches its ultimate value ± δf. This assumption can greatly simplify the analysis without 
significant loss of accuracy. The governing equation in Eq. 8.11 can be solved using Eq. 
8.12 to find the shear stress (and interfacial slip) distribution along the interface and 
load-displacement response of the bonded joint.  
 
when 0)( =xδ  
 
when fx δδ ≤< )(0   
 
when 0)( <≤− xf δδ  
 
when fx δδ >)(  
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8.5 States of the Bond Interface and Failure Processes 
 
Let Le be the effective bond length (Le = ad + ed); au be the characteristic softening 
length of the bonded joint, ad and ed be the softening lengths on the left and right of the 
interface at the initiation of debonding; and β be the moment ratio between the left and 
right ends of the cracked bonded joint [β=M(0)/M(L)]. The moment ratio β here is 
equivalent to the load ratio in Chen et al. (2007), if the axial forces at two ends are equal 
in the present model. The left (x = 0) and right (x = L) of the bond interface are referred 
as left and right ends respectively in this chapter. It is assumed that 0≤ β ≤1, i.e. the 
moment at the left end is always smaller than or equal to that at the right end and both 
have the same sign. 
 
The entire interface is rigid initially because the adopted local bond–slip model neglects 
any elastic deformation. Under loading, a point of the interface can be in a rigid, 
softening, or debonded state. Letters R (rigid), S (softening) and D (debonding) are used 
below to describe the state of the interface from left to right. Depending on various 
parameters, the interface during the loading process experiences some of the following 
states: 
1) rigid–softening (R–S) state. This state can occur only when β = 0 [i.e. M(0) = 0];  
2) rigid–softening–debonding (R–S–D) state. This state can also occur only when β 
= 0;  
3) softening–rigid–softening (S–R–S) state; 
4) softening–rigid–softening–debonding (S–R–S–D) state; 
5) softening–softening–debonding (S–S–D) state; 
6) softening–debonding (S–D) state; 
7) softening–softening (S–S) state; 
8) softening (S) state, where the entire un-debonded part of the interface is in an 
unloading-softening state with the applied load reducing linearly until complete 
debonding; 
9) debonding–softening–rigid–softening–debonding (D–S–R–S–D) state; and 
10) debonding–softening–softening–debonding (D–S–S–D) state. 
 
The interface between two (left and right) softening fronts remains rigid and has no 
interfacial stresses in the present analysis (Figure 8.5a), which makes the softening 
fronts abrupt whereas the stress distribution is smooth ahead of the softening fronts 
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during the whole loading process when a bilinear bond-slip model is used [as in Teng et 
al. (2006)]. 
 
When β = 0, the interface experiences progressively the R–S, R–S–D and S–D states, 
and then the linear unloading state to complete debonding. Only the general case with β 
> 0 is considered here and the interface during the entire loading process must 
experience one of the following five failure processes (FP), depending on the bond 
length L and the moment ratio β:  
FP1:  β < 1 and L > Le: The interface experiences the S–R–S, S–R–S–D, S–S–D and S–
D states. 
FP2:  β < 1 and au < L < Le: The right end of the interface will be in a softening state 
even when the length of the rigid region in the middle of the interface reduces to 
zero. Debonding does not occur before the S–R–S interface becomes an S–S 
interface as the loading increases. The interface experiences the S–R–S, S–S, S–
S–D and S–D states in this failure process. The solutions for the S–R–S, S–S–D 
and S–D states of interfaces are the same as in FP1.  
FP3:  β < 1 and L < au: Debonding does not occur progressively upon loading in this 
special case of small bond. Instead, the plate will be completely detached from the 
substrate in an instant. The interface experiences the S–R–S, S–S and S states in 
this failure process. The solutions for the S–R–S and the S–S states of interfaces 
are the same as in FP2.  
FP4:  β = 1 (au = 0, ad = ed) and L > Le = 2ad: The interface experiences the S–R–S, D–
S–R–S–D and D–S–S–D states. The softening lengths in the S–R–S state and the 
softening and debonding lengths in the D–S–R–S–D and D–S–S–D states on both 
sides of the interface are the same in this failure process. The solutions for all the 
states in this FP4 are the same as in FP1. Due to symmetricity of the problem, 
solutions only for the region (L/2) ≤ x ≤ L) are sufficient.  
FP5:  β = 1 and L < Le: The interface experiences the S–R–S and S–S states. Solutions 
for these two states are the same as in FP3.  
 
The interfacial stress distribution and the sequence of debonding propagation for 
different failure processes involving different states of interfaces can be obtained from 
the respective solutions given in the following section. This is illustrated in Figure 8.5 
for FP1 as an example. 
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Figure 8.5.  Distribution of interfacial shear stress in different states of the interface in 
the bonded joint: failure process FP1 
 
 
 
8.6 Solutions for Different States of Interface  
 
The solutions for the different states of interfaces that constitute five different failure 
processes described above are provided in this section. Substituting Eq. 8.12 for the 
case of 0 < |δ(x)| ≤ δf into Eq. 8.11 yield the governing equations respectively for the left 
and right softening interfaces as: 
  
( )fT xmVxdx
xd δλδλδ +−=+ )()()( 222
2
    for 0)( <≤− xf δδ            (8.13a) 
( )fT xmVxdx
xd δλδλδ −−=+ )()()( 222
2
   for fx δδ ≤< )(0            (8.13b) 
 
The interfacial slip, the interfacial shear stress and the axial forces in the plate for the 
left and right softening regions can be found by solving Eqs 8.13a–b. 
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8.6.1 Softening–rigid–softening (S–R–S) interface 
 
The interface remains in S–R–S state as shown in Figure 8.5a until the debonding 
moment MTd is reached at the right end when the loads are increased gradually from 
zero. The general solution for the left softening region of the interface (0 ≤ x ≤ e) with   
–δf ≤ δ(x) < 0 is given by  
fT xmVexBexAx δλλδ −−−+−= )()](cos[)](sin[)( 11              (8.14a) 
( ))()](cos[)](sin[)( 11 xmVexBexAx T
f
f
−−+−−= λλδ
τ
τ                         (8.14b) 
( ))()](sin[)](cos[)( 21112 xMmexBexAmxN Tλλλλλ +−−−=             (8.14c) 
 
and that for the right softening region (L–a ≤ x ≤ L) with 0 < δ(x) ≤ δf is given by  
fT xmVaLxDaLxCx δλλδ +−+−++−= )()](cos[)](sin[)( 11             (8.15a) 
( ))()](cos[)](sin[)( 11 xmVaLxDaLxCx T
f
f
−+−++−−= λλδ
τ
τ             (8.15b) 
( ))()](sin[)](cos[)( 21112 xMmaLxDaLxCmxN Tλλλλλ ++−−+−=            (8.15c) 
where  
2
2
2
1 2 λ
τ
f
f
G
b
m =          (8.15d) 
 
The boundary and continuity conditions at the left and right ends and the softening 
fronts are: 
)0()( 22 NxN = at x = 0 and )()( 22 LNxN =  at x = L              (8.16a) 
N2(x) is continuous at x = e and x = L–a                          (8.16b) 
 δ(x) = 0 at x = e and x = L–a                                      (8.16c) 
 
The constants of integration A1 to D1 are obtained by applying Eq. 8.16 to Eqs 8.14 and 
8.15: 
fTfT aLmVDemVBCA δδ −−=+=== )(;)(;0 1111                          (8.17a) 
 
The first term in constants B1 and D1 is insignificant in magnitude [i.e mVT (e) and mVT 
(L-a) ≈ 0]. So, Eq. 8.17a becomes 
ff DBCA δδ −==== 1111 ;;0                             (8.17b) 
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Substituting Eq. 8.17b into Eqs 8.14 and 8.15 yield the following equations from which 
the softening lengths a and e can be determined. 
)()()sin( 22111 LNLMmmaDm T −= λλλ       (8.18) 
)0()0()sin( 21211 TMmmNeBm λλλ −=       (8.19) 
 
The softening lengths a and e increase gradually with the applied loading at the ends. 
The relative displacements (slips) between the adherends at the left and right ends, ∆0 
and ∆l, can be obtained from Eqs 8.14a and 8.15a as:  
]1)[cos(10 −=∆ eB λ  and ]1)[cos(1 −=∆ aDl λ                             (8.20a,b) 
 
8.6.2 Softening–rigid–softening–debonding (S–R–S–D) interface 
 
An S–R–S interface becomes an S–R–S–D interface (Figure 8.5b) when ∆l = δf. 
Substituting this into Eq. 8.20b gives  
λ
pi
2
=da            (8.21) 
The applied bending moment at the right end at the initiation of debonding MTd and the 
corresponding left softening length ed can be obtained from Eqs 8.18, 8.19 and 8.21.  
The shape and length of the softening regions and applied loading remains constant 
until the rigid region of the interface between the left and right softening fronts vanishes 
as debonding propagates. This is achieved by the movement of the right softening front 
steadily towards the left end by softening the rigid region in between while the left 
softening front remains stationary (Figure 8.5c). 
 
Solutions given in Eqs 8.14 –8.19 are valid if L is replaced by (L–d) and a and e by ad 
and ed respectively where d is the debonded length at the right end of the interface. 
From Eq. 8.15c, the axial force at the right end of the plate can be obtained as given 
below in Eq. 8.22 and this is no longer sensitive to the softening lengths as in the S–R–S 
state of interface and remains constant as the variation in its second term is 
insignificant.  
)]([)( 12 dLMmmLN Tf −+= λδλ        (8.22) 
 
Considering Eq. 8.10a, the displacement at x = L during the debonding process can be 
obtained as  
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where N2 is the axial force in the debonded plate. 
 
8.6.3 Softening–softening–debonding (S–S–D) interface 
 
An S–R–S–D interface becomes an S–S–D interface when the length of the rigid region 
between the two softening fronts reduces to 0 and d = L – (ad  + ed) as shown in Figure 
8.5d. Any further increase in the applied loading is accompanied by the decrease in the 
softening lengths a and e. Eqs 8.14 – 8.16 are valid if L is replaced by (L–d) and the 
constants of integration A1 – D1 are replaced by A2 – D2.  Consequently, L = a + e + d 
and the two conditions in Eq. 8.16c are reduced to the same as δ = 0 at x = e = L – a – d. 
To solve the problem, the following additional condition is required  
  δ(x) = δf   at x = a + e = L – d                            (8.24) 
 
The constants of integration A2 – D2 and the softening lengths a and e are obtained by 
applying Eqs 8.16 and 8.24 to Eqs 8.14 and 8.15 after the above changes as  
fTfT
T mVDmVB
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The displacement at x = L during the debonding process can be obtained from Eq. 8.23. 
The distribution of interfacial stress is shown in Figure 8.5e for this state which ends 
when e = 0, a = au and the corresponding applied moment at the right end becomes     
MT (L) = MTu (ultimate moment). 
 
8.6.4 Softening–debonding (S–D) interface 
 
An S–D interface (Figure 8.5f) begins from an S–S–D interface when e = 0. The general 
solution for the softening region of the interface (0 ≤ x ≤ au) with 0 < δ(x) ≤ δf obtained 
from Eq. 8.13b is given by  
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fT xmVaxBaxAx δλλδ +−−+−= )()](cos[)](sin[)( 33              (8.28a) 
( ))()](cos[)](sin[)( 33 xmVaxBaxAx T
f
f
−−+−−= λλδ
τ
τ              (8.28b) 
( ))()](sin[)](cos[)( 23312 xMmaxBaxAmxN Tλλλλλ +−−−= .            (8.28c) 
 
The boundary and continuity conditions at the left and right ends and the softening 
fronts are: 
)0()( 22 NxN = at x = 0                 (8.29a) 
δ(x) = δf and )()()( 222 LNaNxN ==  at x = a  = L–d                                   (8.29b) 
 
The constants of integration A3 and B3 and the softening length a are obtained by 
application of Eq. 8.29 into Eq. 8.28: 
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12
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dLMmmLNA TT =
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In the S-D state, the transfer of stress from beam to plate decreases considerably as 
debonding propagates. The Eq. 8.31 indicates that the softening length a reduces 
gradually to 0 (Figure 8.5g) with the reduction in the axial force in the plate N2 to 0, i.e., 
complete debonding. This behaviour is different from that of a bonded joint subjected 
only to axial forces as in Teng et al. (2006) and Chen et al. (2007) where the softening 
length in the S-D state remains constant at au.  The displacement at x = L during the 
debonding process can be obtained from Eq. 8.23. 
 
8.6.5 Softening–softening (S–S) interface 
 
This state of interface is governed by Eqs 8.14 – 8.15 if the integration constants          
A1 – D1 are replaced by A4  – D4. In this case L = a + e, and the two conditions in Eq. 
8.16c are reduced to one as δ = 0 at x = e = L – a.  
 
The constants of integration A4 – D4 and the softening lengths a and e are obtained as 
follows by applying Eq. 8.16 to Eqs 8.14 and 8.15 after the above changes:  
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fTfT mVDmVB δδ −=+= 44 ;                  (8.32a) 
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Also, 
44 CA =                      (8.32d) 
 
The displacement at x = L i.e. ∆l during the debonding process can be obtained from Eq. 
8.15a after changing A1 – D1 by A4  – D4. The S–S interface becomes an S–S–D 
interface when ∆l = δf and the corresponding softening lengths become ad and ed.  
 
8.6.6 Softening (S) interface 
 
In this state the whole interface is in a softening state (L = a) and it is governed by Eq. 
8.28 with the integration constants A3 – B3 replaced by A5  – B5 and a replaced by L. The 
boundary conditions in Eq. 8.16a are still applicable here. 
 
The constants of integration A5 – B5 and the softening length a are obtained as follows 
by applying Eq. 8.16a to Eq. 8.28 after the above changes: 
λ
λ
1
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12
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The applied loading at the initiation of S state of interface can be obtained from Eq. 
8.28a after replacing A3 – B3 by A5  – B5 and setting ∆0 = 0. The displacement at x = L 
during the debonding process is given as 
fTl LmVB δ+−=∆ )(5 .                    (8.34) 
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8.7 Relationship between Applied Moment and Plate Axial Forces 
 
The external loading in a plated beam is resisted by the plate in addition to the beam due 
to the transfer of forces between them through the adhesive bond interface. To obtain 
the final solutions for all the above states of interfaces (8.6.1 to 8.6.6), it is necessary to 
properly relate the applied bending moment MT(x) and the axial forces in the plate 
N2(x). Two methods are presented in this section to establish this relationship: (1) the 
rotational spring method (RSM) and (2) the section analysis with partial interaction 
(SA-PI) method. 
 
8.7.1 Rotational spring method (RSM) 
 
The flexural cracks occur in regions of low shear with high bending moment in an RC 
beam. This introduces a local flexibility at the cracked locations which may be modelled 
as a rotational spring at these locations (Figure 8.6). Wang (2006a, b) adopted this 
method to analyse type-1 ICD failure in a plated beam and has shown it to be realistic. 
 
 
 
Figure 8.6.  Rotational spring model for the RC beam 
 
There exists a discontinuity in the rotation of the beam at the cracked section and a 
discontinuity in longitudinal displacement at the tensile face of the beam. These 
discontinuities are related to the rotational spring stiffness for a given applied moment 
and the crack depth at the crack location. The displacement and the rotation continuity 
conditions at the cracked locations yield 
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where the subscript i = 1, 2 refer respectively to the beam and the plate. 
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Assuming that the slip at either side of the cracked section is the same in magnitude but 
opposite in sign, the slips at the two adjacent cracks can be related to the respective 
bending moment and rotational spring stiffness 
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The rotational stiffness of the spring at the left and right cracks, Kl and Kr, may be 
estimated for a given crack geometry in the plain concrete beam (Paipetis and 
Dimarogonas, 1986) using the principle of fracture mechanics as 
iiiii IEtacK 111),(=          (8.37) 
where the subscript i = l, r refer respectively to the left and right cracks; ai is the crack 
depth; E1iI1i is the flexural stiffness of the beam at the crack location; and ci (ai, t1) is 
approximated for (ai/t1) < 0.6 as 
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An iterative method as proposed by Rabinovitch and Frostig (2001) may be used for an 
RC beam as it is difficult to get an explicit expression for Ki. The relationship between 
the axial forces in the plate N2(x) and the applied bending moment MT(x) using the 
above method are provided below for different states of the interface experienced during 
different failure processes.  
 
Softening–rigid–softening (S–R–S) interface 
 
Applying Eq. 8.36 to Eqs 8.14–8.15 provides the following expressions for the axial 
force in the plate: 
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The softening lengths a and e for the given applied loading can be determined by 
substituting Eqs 8.39 and 8.40 respectively into Eqs 8.18 and 8.19. 
 
Softening–rigid–softening-debonding (S–R–S–D) interface 
  
The axial force from Eq. 8.22 is sufficient to solve this state of interface. 
 
 Softening–softening-debonding (S–S–D) interface 
 
Modifying Eqs 8.14 and 8.15 as detailed in section 8.6.3 to extend its suitability to this 
state of interface and applying Eq. 8.36 gives 
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From Eqs 8.15, 8.36 and 8.41, it can be found that 
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The softening lengths can be obtained by substituting Eqs 8.42 and 8.41 respectively in 
to Eqs 8.26 and 8.27. 
 
Softening–debonding (S–D) interface 
 
Application of RSM (Eq. 8.36) to Eq. 8.28 results in the following expressions for N2(0) 
and N2(L) which in combination with Eq. 8.31 provide the softening length for this state 
of the interface: 
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Softening–softening (S–S) interface 
 
Modifying Eqs 8.14 and 8.15 as detailed in Section 8.6.5 to extend its suitability to this 
state of the interface and applying Eq. 8.36 gives 
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From Eqs 8.32, 8.45 and 8.46 the softening length a is obtained. 
 
Softening (S) interface 
 
Applying Eq. 8.36 to the general solution for this state of interface described in section 
8.6.6 gives 
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Eqs 8.33, 8.47 and 8.48 provide the solution for this state of the interface.   
 
 
8.7.2 Section analysis with partial interaction method (SA-PI) 
 
Force transfer from concrete to the reinforcements or strengthening plate in plated RC 
beams occurs through bond at the interfaces. Section analysis of a cracked RC beam as 
explained in Teng et al. (2002) may be employed to determine the axial forces in the 
plated beam due to the existence of full composite action between the RC beam and the 
bonded plate prior to the formation of flexural cracks at the tension face of the beam as 
reiterated in Liu et al. (2004). The strain distribution is linear through the depth of the 
cross section, i.e. the plane section assumption holds good and strain at the plate-beam 
interface remains same. After flexural cracking of the concrete, high bond stresses 
develop near the crack and as a result, interfacial slip is generated between the concrete 
beam and the plate. This means that the plate strain is no longer equal to the adjacent 
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concrete strain and the full composite action analysis discussed above is no longer valid. 
The partial interaction theory developed by Johnson (1994) for composite beams and 
advanced by Oehlers and Bradford (1995) for plated beams may be adopted in this case 
to achieve an accurate analysis. The region near a crack or between two adjacent cracks 
is termed a partial interaction region where the interfacial slip δ(x) and the slip strain 
dδ(x)/dx are non zero. Also, the concrete tensile strain at the plate-beam interface may 
approximately be taken as zero (it is zero if there is no tensile steel reinforcement) at 
sections very close to the crack. Therefore, in this region of partial interaction, the plate 
strain is the combination of the tensile strain at the tension face of the beam εct obtained 
by section analysis and the slip strain due to partial interaction (Liu et al., 2004): 
dx
xd
xx ct
)()()(2
δ
εε +=          (8.49) 
 
The section analysis detailed in Teng et al. (2002) in finding εct(x) involves two 
unknowns: the extreme compression fibre strain of concrete εcf and the neutral axis 
depth y from the compression fibre. These two parameters can be determined from axial 
force and moment equilibrium. The explicit expression for εcf  in terms of y from the 
equilibrium analysis as in Teng et al. (2002) is as follows, which can be used to find the 
concrete tensile strain εct based on plane section assumption. 
 
Case-1: )/();/(; pppsyscocf EfEf <<≤ εεεε  
]/)([ 21 ysscf fdyE −+= ααε         (8.50) 
 
Case-2: )/();/(; pppsyscocf EfEf <≥≤ εεεε  
]4[5.0 2211 αααε −±=cf         (8.51) 
 
Case-3: )/();/(;0035.0 pppsyscfco EfEf <<≤< εεεε  
33 2/]493[ αεαε cocf +±−=         (8.52) 
 
Case-4: )/();/(;0035.0 pppsyscfco EfEf <≥≤< εεεε  
44
2
55 2/]4[ αεαααε cocf +±−=        (8.53) 
where  
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in which ds and dp are distances from the extreme concrete compression fibre to the 
centroid of steel rebars and plate respectively; bc is the width of concrete beam; E and A 
are the elastic modulus and cross sectional area with subscripts s and p refer 
respectively to steel rebar and plate; fy is the yield strength of steel rebar; fp is the tensile 
strength of plate; fcu is the cubic compressive strength of concrete and εco = (fcu0.5)/4100. 
These nomenclatures are the same as those in Teng et al. (2002) for ease of reference. 
 
Eqs 8.51-8.53 are quadratic and provide two values for εcf individually, out of which, 
one value that maintains the continuity of εcf with the previous case has to be 
considered.  
 
The axial force in the plate N2(x) under the applied bending moment MT(x) can be 
determined from Eq. 8.49 and Eqs 8.55-8.65 provided below for the different states of 
the interface experienced during the different failure processes. 
 
Softening–rigid–softening (S–R–S) interface 
 
The axial force in the plate N2(x) at the two ends of the bonded joint during S–R–S state 
of interface can be obtained from Eqs 8.49 and 8.14-8.15 as:  
2212 )]sin()([)( AEaDLLN ct λλε −=        (8.55) 
2212 )]sin()0([)0( AEeBN ct λλε +=        (8.56) 
 
The softening lengths a and e under the given applied loading can be determined by 
substituting Eqs 8.55 and 8.56 respectively into Eqs 8.18 and 8.19.  
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Softening–rigid–softening-debonding (S–R–S–D) interface 
 
Replacing L with (L–d) in Eq. 8.15 and making use of Eq. 8.49 gives 
222 )])([)( AEdLdLN fct λδε +−=−        (8.57) 
The axial force obtained from Eq. 8.22 and 8.57 is the same so any one of them can be 
used to solve this state of interface. 
 
Softening–softening-debonding (S–S–D) interface 
 
Replacing L with (L–d) in Eqs 8.14-8.15, substituting Eq. 8.25 into the resulting 
expression and making use of Eq. 8.49 provide the axial force in the plate at x = 0 and x 
= L–d in the S–S–D state as:  
222 ])sin()([)( AEadLdLN
f
ct λ
λδ
ε +−=−       (8.58) 
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Substituting Eqs 8.58 and 8.59 respectively into Eqs 8.26 and 8.27 provides the 
softening lengths. Eq. 8.58 gives the ultimate plate force at the right end (similar to the 
ultimate load in Chen et al. 2007) when e = 0 and a = au. 
 
Softening–debonding (S–D) interface 
 
Eqs 8.28 and 8.49 yield the axial force in the plate during S–D state as:  
 
2232 ])([)( AEAdLLN ct λε +−=        (8.60) 
2232 )]cos()0([)0( AEaAN ct λλε +=        (8.61) 
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Substituting Eqs 8.60 and 8.61 into Eq. 8.31 gives the softening length for this state of 
the interface.  
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Softening–softening (S–S) interface 
 
Modifying Eqs 8.14 and 8.15 as detailed in section 8.6.5 to extend its suitability to this 
state of interface and using Eq. 8.49 gives 
22442 )]sin()cos()([)( AEaDaCLLN ct λλλλε −+=      (8.62) 
22442 )]}(sin[)](cos[)0({)0( AEaLBaLAN ct −+−+= λλλλε    (8.63) 
Eqs 8.32, 8.62 and 8.63 provide the softening lengths a and e for the S–S state of the 
interface.  
 
Softening (S) interface 
 
Applying Eq. 8.49 to the general solution Eq. 8.28 for this state of the interface as 
described in section 8.6.6 gives 
2252 ])([)( AEALLN ct λε +=         (8.64) 
22552 )]sin()cos()0([)0( AELBLAN ct λλλλε ++=      (8.65) 
The solution for this state of the interface can be obtained from Eqs 8.33, 8.64 and 8.65.  
 
 
8.8 Comparison with Solution of Bonded Joint Model under Axial Forces Only 
 
The present solution considering axial forces, shear forces and bending moments in the 
adherends is compared with Chen et al.’s (2007) solution that considered the same 
bonded joint model but only under axial forces in the plate and beam. Both solutions are 
based on a linearly softening bond-slip model. This comparison is carried out in this 
section through an illustrative example as detailed below. 
 
8.8.1 An illustrative example 
 
Consider an RC beam adhesively plated with CFRP and subjected to any loading. The 
geometrical and material properties of the adherends and adhesive are taken from Jones 
et al. (1988): b1 = 155 mm; t1 = 225 mm; E1 = 28.6 GPa; fcu = 27 MPa; 3 steel bars of 
ø20 mm centred at 190 mm from the extreme compressive fibre; Es = 210 GPa; fy = 410 
MPa; b2 = 125 mm; t2 = 0.165 mm; E2 = 256 GPa; fp = 2500 MPa; and ta = 1 mm. The 
same bond-slip parameters as those in Chen et al. (2007) are adopted: δ1 = 0.034 mm; δf 
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= 0.16 mm; τf = 7.2 MPa; and Gf = 0.58 N/mm. The moment ratio β between the left and 
right ends of the bonded joint and the bond length L between adjacent cracks can vary 
and depend on the details of the geometry, material and loading of the beam, and the 
crack locations. L = 100 mm (which represents a typical crack spacing in an RC beam) 
and β = 0.8 are considered here as an example case. The coefficient of rotational springs 
are approximated as cl = 0.0001167 and cr = 0.0001060 which are close to the values 
used by Wang (2006a, b) in comparing the RSM with experimental results. These 
parameters remain the same in the rest of the chapter unless specified otherwise.   
 
8.8.2 Load–displacement characteristics 
 
Note that in the present solution the axial force ratio in beam to plate (η) varies during 
the loading process because the system is nonlinear and caused by the bending 
deformation. Chen et al. (2007) assumed a constant η value during the loading process. 
For comparison purpose, the average η value obtained from the present solution was 
used in Chen et al.’s (2007) solution. 
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Figure 8.7. Load-displacement response of an example bonded joint 
 
The load-displacement curves predicted from the present solution using both the RSM 
and SA-PI methods are compared with the predictions from reference solution (Chen et 
al., 2007) in Figure 8.7. Predictions from the RSM method matches closely with the 
reference solution when η = 0 or 1 but under-estimate when a matching η value is used. 
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This is due to the approximate nature of RSM method which can vary depending on the 
coefficient of rotational springs used in the analysis.  These coefficients predicted from 
Eq. 8.38 do not give correct results even in Wang (2006 a, b) and are always 
approximated based on experimental or numerical results. 
 
The salient points on the predictions using the SA–PI method are shown as O–A–C–D 
in Figure 8.7. The curve OA represents the S–R–S state of the interface, point A 
represents the initiation of debonding in the S–R–S state, the plateau AB refers to the S–
R–S–D state, point B represents the meeting of left and right softening fronts (i.e., the 
end of the rigid zone between the left and right softening fronts), curve BC refers to the 
S–S–D state of the interface, and the ultimate point C represents the stage when the 
right softening front reaches the left end. The S–D state is shown by curve CD. The 
predictions from the SA–PI method and the reference solution with η taken as the 
average value obtained from the present solution are almost the same until the 
beginning of the S–S–D state. During the initial part of the S–S–D state the reference 
solution predicts a slightly higher capacity than SA–PI and this difference increases 
gradually as the displacement increases, with the reference solution under estimates by 
3.1% of the ultimate capacity and 7.4% of the ultimate deformation. The under-
estimation of the ultimate capacity from the reference solution may be attributed to the 
adopted η value which in reality varies, and the bending deformation considered in the 
present solution. Both solutions predict the same δf at the end of S–D state of the 
interface. Unlike the reference solution of Chen et al. (2007) which predicts a constant 
debonding zone during the S–D state until complete debonding, the present solution 
predicts a continuous debonding until complete interface failure. This difference is 
attributable to the inclusion of the bending moment and shear force in the adherends in 
the present solution. 
 
Unless mentioned otherwise, the present solution using the SA–PI method is hereafter 
referred to as the present solution for simplicity. 
 
8.8.3 Distribution of interfacial shear stress and axial plate stress 
 
The interfacial shear stress and the axial stress in plate as predicted from the present 
solution are shown in Figures 8.8a–b along the length of the bonded joint for different 
slip at the right end ∆l. Predictions for ∆l  < δf , ∆l  = δf , ∆l  > δf and maximum ∆l  
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represent the S–R–S, S–R–S–D, S–S–D and S–D states of the interface during the 
loading process. The axial forces in the plate at both end increases gradually as the load 
is increased. The axial force remains constant along the debonded interface in S–S–D 
and S–D states. However, this force increases with the load till the ultimate load is 
reached. 
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(b) Axial plate stress 
Figure 8.8. Stress distribution along the bond length between two cracks 
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8.9 Parametric Study 
 
The effect of bond length L (i.e. the distance between two adjacent cracks), the moment 
ratio β (similar to the load ratio in the reference solution), axial stiffness of plate E2A2, 
depth of the beam t1, width of the beam b1, the steel ratio ρ and bending deformation on 
the load-displacement characteristics are studied and analysed in this section using the 
present solution and the reference solution. This study highlights the differences 
between the predictions of the two solutions in addition to highlighting the effects of 
these parameters on the response of the bonded joint and thus the behaviour of ICD in 
plated RC beams. All geometrical and material properties of the adherends and 
adhesive, except the one being investigated, are the same as those in section 8.8.1 unless 
otherwise mentioned. 
 
8.9.1 Effect of bond length L 
 
The predictions from the present and reference solutions are obtained for five different 
bond lengths L = Le (effective bond length = ad + ed = 76.3 mm), 80 mm, 100 mm, 125 
mm and 150 mm. The load-displacement responses predicted from the two solutions for 
a given bond length are very close to each other as discussed in section 8.8.2. The plate 
force at the initiation of debonding and the ultimate load remains constant from both the 
solutions and unaffected by the bond length. However, while the prediction of the 
former is almost equal from both solutions, the latter predicted from present solution is 
constantly higher than the reference solution as shown in Figures 8.9a–b. The present 
solution predicts a slightly higher loading capacity (3.1%) and ductility (7.7%) than the 
reference solution irrespective of the bond length. Both the ultimate displacement at the 
right end and its difference between the present solution and the reference solution 
increases steadily with the bond length. The present solution predicts slightly higher 
displacement than the reference solution. 
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a) Load versus displacement at the right end 
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b) Force and displacement at right end of plate versus bond length. 
 
Figure 8.9. Effect of bond length on plate end force and slip 
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8.9.2 Effect of moment (load) ratio β 
 
Figures 10a-c show the predicted load-displacement responses with the moment ratio 
between the left and right ends β = 0, 0.7, 0.8, 0.85, 0.9, 0.95 and 0.98. The predicted 
force at the initiation of debonding (the height of the plateau) remains the same for both 
solutions and it is not affected by the moment ratio. The ultimate load and ultimate 
displacement at the right end increase almost linearly up to β = 0.7. They increase more 
quickly when β increases from 0.7 to 0.9, and steeply when it further increases from 0.9 
to 1. The differences of the ultimate load and ultimate displacement from the present 
and the reference predictions increase from 0.2% to 3.6% and from 4.4% to 8.3% 
respectively with as β increase from 0 to 0.98. 
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a) Load-displacement curve 
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b) Load-displacement curve for β = 0 & 0.7 
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c) Effect of moment ratio β on force and displacement at right end of plate. 
 
Figure 8.10. Effect of moment ratio β 
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8.9.3 Effect of axial stiffness of plate E2A2 
 
The effect of the axial stiffness of the plate was studied with E2A2 = 0.001, 1, 3, 5.3, 
10.6, 16 and 20 MN. The bond length is kept at 150 mm here as a small but the 
effective bond length exceeds 100mm in some of the cases. The force at the initiation of 
debonding remains almost the same in all the cases from both solutions and increases 
gradually with E2A2 (Figures 8.11a–b). The predicted ultimate load increases with the 
increase in E2A2. Its difference between the present solution and the reference solution 
also increases with E2A2 from 0.1% to 10.8% as shown in Figures 8.11a–b. The increase 
of the ultimate load occurs at the cost of ductility of the bonded joint. The ultimate 
displacement at the right end decreases steeply with the increase in E2A2 when it is 
small (E2A2 less than 3MN in Figure 8.11b) and reduces gradually with further increase 
in E2A2. The present solution predicts a 0.2% to 26% larger value than the reference 
solution within the considered range of E2A2 as in Figure 8.11b. 
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b) Effect of axial stiffness of plate on force and displacement at right end 
 
Figure 8.11. Effect of axial stiffness of plate E2A2 on load-displacement characteristics 
and force and displacement at right end of plate 
 
 
The distribution of interfacial shear stress and the axial normal stress in the plate at two 
different levels of the applied moment at the right end predicted from present solution 
are shown in Figures 8.12a–b. The bond stress at the two ends decreases when the plate 
axial stiffness E2A2 decreases at a given bending moment at the right end. The plate with 
lower E2A2 debonds before the one with higher E2A2. A higher axial stiffness effectively 
delays the debonding initiation and its propagation. The softening lengths near both 
ends and the axial normal stress in the plate increase with the decrease in E2A2 during 
S–R–S state under the same applied load. 
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a) Interfacial shear stress 
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b) Axial normal stress in the plate 
Figure 8.12. Effect of axial stiffness of plate E2A2 on distribution of interfacial shear 
stress and axial normal stress in the plate 
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8.9.4 Effect of beam depth t1  
 
The effect of beam depth is studied for L = 150 mm and E2A2 = 16.3 MN (with E2 = 130 
GPa and t2 = 1 mm). The beam depth was varied with t1 = 100, 125, 155, 190, 225, 300 
and 400 mm. The force at the initiation of debonding decreases gradually with the 
increase in beam depth and its prediction from present solution is very marginally 
higher than that of the reference solution (Figures 8.13a-b). The ultimate load reduces 
with an increase of t1. Its difference with the reference solution also decreases from 
24.3% to 6.3% as t1 increases. The ultimate displacement at the right end from present 
solution is 60.1% higher than the reference solution for t1=100 mm but this difference 
decreases to 15.6% when t1 = 400mm. The ultimate displacement decreases slowly with 
the increase in beam depth whilst the same prediction from reference solution increases.  
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b) Effect of beam depth on force and displacement at right end of plate 
Figure 8.13. Effect of beam depth t1 
 
8.9.5 Effect of beam width b1  
 
The effect of the width b1 of the beam was studied with its value = 125, 155, 200 and 
225 mm. The bond length and axial stiffness of plate were the same as in section 8.9.4. 
The beam width variation has less significant effect on the predictions as shown in 
Figures 8.14a–b, but the difference between the predictions of present and reference 
solutions remains similar to that discussed in section 8.8.2.   
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a) Load-displacement curve 
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b) Effect of beam width b1 on force and displacement at right end of plate 
 
Figure 8.14. Effect of beam width b1  
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8.9.6 Effect of steel ratio ρ
  
 
The bond length and axial stiffness of plate were the same as in section 8.9.4. The effect 
of tensile steel reinforcement ratio was investigated with ρ = 0.5, 1.0, 1.5 and 1.8%. 
Figures 8.15a–b show that the force at the initiation of debonding, ultimate load and 
ultimate slip at the right end decrease steadily with the increase in steel reinforcement 
ratio but their decrease becomes negligible after ρ = 1.5 %. This is because a small steel 
reinforcement ratio results in a higher curvature which in turn leads to higher axial 
forces in the strengthening plate. The prediction from reference solution is unaffected 
by changes in ρ. 
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b) Effect steel ratio reinforcement ρ
 
on force and displacement at right end of plate 
 
Figure 8.15. Effect of steel ratio ρ
 
 
 
 
8.9.7 Effect of bending deformation 
 
The effect of bending deformation was studied by fixing the flexural rigidity of beam 
and plate to a very large value. The predictions from present solution neglecting 
bending effects matches with the reference solution for η = 0 or 1 as shown in Figure 
8.16. This is because when EI is very large, the present solution predicts η = 0 and 
curvature =0. Both the predicted ultimate capacity and ductility of the bonded joint are 
reduced when the bending deformation is ignored as in the reference solution. This 
shows that the effect of flexural deformation in adherends is beneficial in terms of 
ultimate capacity and slip. 
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Figure 8.16. Effect of flexural deformation on load-displacement characteristics 
 
8.10 Conclusions 
 
This chapter has presented a study on the structural mechanics modelling of the full 
range of behaviour of intermediate crack induced debonding (ICD) failure of FRP or 
steel-concrete interface between two adjacent flexural cracks in plated reinforced 
concrete (RC) beams. The bonded joint is analysed considering axial forces, transverse 
shear forces and bending moments in the adherends employing a linearly softening 
bond-slip law. Full closed-form solutions for the entire loading process, including the 
stress and deformation distribution and load and deformation at various key stages such 
as debonding initiation and ultimate state have been developed. 
 
In developing the solutions, the interface deformation has been related to the applied 
loading using two methods: the rotational spring method and the section analysis with 
partial interaction method. The accuracy of the RSM relies on the coefficients of the 
rotational springs which are used to simulate the local flexibility at the two cracks but 
these cannot be determined easily. On the other hand, the SA-PI method does not 
require any additional properties and more importantly, is accurate.  
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The solution provides a higher ultimate capacity and increased ductility compared to the 
bonded joint model based on double shear pull-off test specimen. Exploitation of the 
present solution in predicting the type-2 IC debonding failures in FRP strengthened RC 
members is being explored. Parametric studies demonstrated the significant effect of 
bond length, moment ratio between two cracked ends, axial plate stiffness, beam depth 
and width, steel ratio and flexural deformation on the load-displacement characteristics 
of the bonded joint. 
 
 
8.11 Notation 
 
The following symbols are used in this paper: 
A = cross-sectional area; 
b = width; 
ds , dp = distances from the extreme concrete compression fibre to the centroid of 
steel rebar and plate respectively; 
E = modulus of elasticity; 
fcu = cube compressive strength of concrete; 
fy = yield strength of steel reinforcements;  
fp = tensile strength of FRP;  
G
 f = fracture energy (area under the local bond-slip curve); 
I = second moment of area; 
L = bond length (distance between two adjacent cracks); 
l = effective span of a plated beam; 
M (x) = bending moment; 
MT(x) = total bending moment on a section in the plated beam; 
MTd  = total bending moment at initiation of debonding; 
MTu  = total bending moment at ultimate state; 
N(x) = axial force; 
NT(x) = total axial force at a section of the plated beam; 
P = applied transverse load; 
t = thickness; 
u = longitudinal displacement; 
v = vertical displacement; 
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V(x) = shear force; 
VT(x) = total shear force at a section of the plated beam; 
y1, y2 = vertical distance from bottom of the beam and top of the plate to their 
respective centroids; 
y = neutral axis depth of cracked plated section from the compression fibre; 
β = ratio between moments at left and right adjacent cracks;  
δ(x) = interfacial slip at x; 
δ
 1 = slip corresponding to the attainment of τf; 
δ
 f = maximum slip at initiation of debonding; 
εcf = extreme compression fibre strain of concrete;  
εct (x) = tensile strain at the soffit of beam;  
η  = ratio between axial forces in the beam and plate; 
λ, m, m1  = parameters defined respectively by Eqs 8.10b-c and 8.15d;  
σ(x)
 
= interfacial normal stress; 
τ(x) = interfacial shear stress; 
τf = bond strength; 
1, a, 2, s = subscripts referring respectively to the beam, adhesive, plate and tensile 
steel reinforcement. 
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Chapter 9 
 
 
Conclusions and Future Work 
 
 
9.1 Introduction 
 
Extensive research has proven that external adhesive bonding of a fibre reinforced 
polymer (FRP) composite, steel or any other metallic plate to the tension face of a 
reinforced concrete (RC), metal or timber beam can effectively enhance its strength and 
structural performance. This technique has found wide application in retrofitting and 
rehabilitating many existing structures around the world without disturbing the 
surrounding environment. Unfortunately, these plated beams are susceptible to 
premature debonding failure in service that occurs well before the full flexural capacity 
of the plated section is reached. Interfacial stress concentrations in the vicinity of the 
plate end and intermediate flexural/flexural-shear crack locations are attributed to be 
responsible for these premature failures. Further research is essential to more 
confidently relate these interfacial stresses directly to debonding failures.  The research 
reported in this thesis presents a contribution towards this goal. 
 
This research provides notable contributions to the theory of plated beams, particularly 
in analysis of the interfacial stresses; in understanding the real effect of shear 
deformation of beam and plate on interfacial stresses; developing the new technique of 
deducing interfacial stresses from experimental plate strain measurements; providing a 
first interfacial fracture mechanics flexural debonding model acquiescent for further 
improvement; proposing simple shear and shear-bending interaction debonding models; 
and advancing the current understanding of type-2 ICD behavior in plated beams. 
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This chapter highlights the key conclusions drawn from each core chapter and provides 
recommendations for extension of this research in the future.  
 
 
9.2 Conclusions 
 
9.2.1 Simple general theoretical solution for interfacial stresses 
 
A simple, accurate and a robust interfacial stress solution applicable to any loading 
arrangements, any beam cross-section, any thickness of bonded plate and any material 
for plate and beam within linear elastic range has been provided in Chapter 2. This 
solution is based on the principle of superposition and compatibility of longitudinal and 
vertical deformations at adhesive interfaces between beam and plate. Accuracy is 
validated by comparison with the most famous solution of Smith and Teng (2001) and 
finite element (FE) analysis.  The ability of the technique to treat arbitrary loading 
arrangements, beam cross-section, and material properties are demonstrated by suitable 
illustrations.  
 
9.2.2 Effect of shear deformation on interfacial stresses 
 
The first solution to consider the effect of adherends shear deformation on both 
interfacial shear and normal stresses is presented in Chapter 3. The shear deformation 
effect on interfacial shear stress is based on a reasonable approximation of displacement 
field and on interfacial normal stress is through Timoshenko’s beam theory. This 
solution provides an assessment of shear deformation effects.  
 
9.2.3 Rigorous closed-form solution for interfacial stresses 
 
A rigorous closed-form theoretical solution for interfacial shear and normal stresses is 
provided in Chapter 4. This solution treats the plated beam as bi-Timoshenko beams 
and explains the real effect of shear deformation on interfacial shear and normal 
stresses. This provides a better understanding and accuracy in its predictions that agree 
well with FE predictions.  This study has shown that the effect of the shear deformation 
of the adherends is insignificant for the interfacial shear stress, but significant for the 
interfacial normal stress. 
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9.2.4 A new technique for deduction of interfacial stresses from experiments  
 
Chapter 5 discusses the development of a new technique to interpret interfacial stresses 
from experimentally measured plate strains. The advantage of this technique over the 
traditional deduction method is demonstrated. In addition to interfacial shear stresses it 
provides peeling stresses taken account of the effect of flexural deformations in beam 
and plate. The technique is applicable to all loading arrangements. This chapter also 
provides analysis of total, axial and bending strains in plate and its comparison with 
simple beam theory and experimental measurements.  
 
9.2.5 Plate end flexural debonding models for plated beams 
 
Chapter 6 reports the development of a first interfacial fracture mechanics based 
flexural plate end debonding (PED) model for the plates terminated in a pure bending 
region. This model provides a reasonable accuracy when assessed against a carefully 
constructed large flexural debonding test database of 67 FRP and steel plated RC beams 
reported to have failed by PED. A semi-empirical model with highest accuracy is 
developed based on theoretical model and test database.  A phenomenological model 
entirely based on test results is also provided that is slightly less accurate but simpler 
than the semi-empirical model. The latter two models are shown to be the accurate 
among all existing and proposed models. 
 
9.2.6 Strength model for plate end debonding in FRP and steel plated beams 
 
A shear debonding model for plates terminated in high shear and zero (or low) moment 
regions is presented in Chapter 7. This model is simple, accurate and provides an 
explicit prediction comparing all existing models. This model and an accurate flexural 
debonding model in Chapter 6 are shown to be the two extreme cases and a better shear-
bending interaction model applicable for plates terminated in any shear-bending 
interaction region is proposed by the coupling of these two extreme models. A large test 
database of plated RC beams reported to have failed by PED with 226 test results was 
used to assess the performance of existing and the proposed debonding strength models. 
Comparisons between test results and the predictions of the debonding strength models 
demonstrate the simplicity and the accuracy of the proposed model that can readily be 
incorporated in design codes and guidelines. 
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9.2.7 Theoretical formulation and parametric study of ICD in plated beams 
 
A structural mechanics model that characterises type-2 intermediate crack induced 
interfacial debonding (ICD) behaviour using a local softening interface bond-slip law is 
provided in Chapter 8. Solutions for the full range of behaviour of ICD including 
debonding initiation, propagation and total failure of the FRP-concrete interface 
between two flexural cracks in an FRP strengthened RC member are presented that 
cover different states of interfaces in different possible failure processes. The interface 
deformation is related to the applied loading through the rotational spring method and 
the section analysis with partial interaction method and the merits and extent of 
applicability of both the methods are discussed. Parametric studies highlight the effect 
of flexural deformation on type-2 ICD behaviour.  The present solution predicts higher 
ultimate capacity and deformation compared to Chen et al.’s (2007) solution that 
neglected the bending deformation of the adherends. While the emphasis of the study is 
on FRP-concrete bonded joints, the solution and methodology are applicable to similar 
joints between other materials such as FRP-to-steel or steel or aluminium-to concrete 
bonded joints. 
 
9.2.8 Summary 
 
This research in brief provides a simple-generic theoretical solution for assessment of 
interfacial stress concentrations at plate ends; clarifies the effect of adherend’s shear 
deformation on interfacial stresses; offers a novel technique for interpreting interfacial 
shear and normal stresses from experiments; provides a first interfacial fracture 
mechanics based theoretical model of reasonable accuracy, a semi-empirical and an  
empirical model of improved accuracies for flexural PED; gives a simple and accurate 
pure shear and a shear-bending interaction PED models;  and presents structural 
mechanics formulations for characterising type-2 ICD behaviour in plated RC beams 
that highlights the effect of flexural deformation and shows the application of a method 
to relate applied loading and interface deformations.  
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9.3 Future work 
 
The study presented in this thesis has improved the understanding of the interfacial 
stresses and prediction of debonding failures in plated beams. Further studies that may 
be beneficial are recommended as follows.  
 
9.3.1 Simplified generic solution for interfacial stresses 
 
The simple generic solution presented in Chapter 1 can be further simplified; extended 
to curved plated beams; developed to analyse interfacial stresses in stepped plated 
beams; and extended to predict interfacial stresses in tension steel reinforcement-
concrete interfaces. 
 
9.3.2 Parametric study of the effect of shear deformation on interfacial stresses 
 
A thorough parametric study using FE analysis of plated beams with Timoshenko beam 
elements and comparison with the present solution in Chapter 4 could provide a 
complete understanding of the effect of shear deformation of adherends on interfacial 
stresses. 
 
 9.3.3 Simplified technique to deduce interfacial stresses from experiments 
 
There exists a possibility to simplify the technique presented in Chapter 5 so that it is 
well received and utilised by experimentalists in future. 
 
9.3.4 Mixed mode interfacial fracture mechanics based plate end debonding model 
 
Mode-I interfacial fracture effect can be included with the mode-II effect already 
considered in fracture mechanics based flexural debonding model to make it a more 
complete theoretical model whose accuracy may be better.  
 
The above model can be applied to develop a pure shear debonding model and then a 
complete mechanics based shear-bending interaction model.  
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9.3.6 Interfacial stress based PED model 
 
The simple interfacial stress solution in Chapter 1 and the large test database in Chapter 
7  can be used together to evolve a better interfacial stress based plate end debonding 
model that will certainly be more accurate than the existing models of this kind.  
 
This model can also be assessed with the phenomenological and interfacial fracture 
mechanics based plate end debonding models so that a very good plate end debonding 
model can be recommended for design use. 
 
9.3.7 Interfacial fracture mechanics based ICD model 
 
The solution presented in Chapter 8 could be utilised to develop a fracture mechanics 
based ICD model. A large test database similar to that in chapter 7 can be constructed to 
assess the accuracy of the proposed model that could be implemented in any design 
codes or guidelines. 
 
9.3.7 Effect of adhesive on ICD behaviour 
 
Effect of adhesive is not well understood in theory for both type-1 and type-2 IC 
debonding behaviour. Only experimental observations that lack any theoretical 
explanation currently exist and this requires further research.   
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